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Infinite-Rejection Filters 


ALBERT M. STONE AND JAMES L. LAwson 
Radiation Laboratory,* Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received May 20, 1946) 


The characteristics of certain bridged-T filter structures have been investigated theoretically 
and an experimental confirmation of this theory at u.h.f. has been obtained. In theory it is 
possible to obtain infinite attenuation at a designated frequency, while retaining essentially 
the same band width as that for the uncompensated filter. A model has been constructed which P 
has a band width of § Mc/sec. at 3000 Mc/sec. with an attenuation at center frequency of over 
70 db. This is to be compared with the attenuation from a similar uncompensated filter of 20 
db. Certain other known filter expressions have also been reduced to forms readily utilizable 
at these frequencies. Their utility for u.h.f. applications is discussed. The distortion produced 
in otherwise rectangular pulses of short duration has been investigated both theoretically and 
experimentally. Curves are presented which show the resultant wave form as a function of the 


tuning of the filter. 


I. INTRODUCTION 


[' has been known for some time that a 
parallel-resonant filter of the bridged-T struc- 
ture may be designed for complete (i.e., infinite) 
rejection of the frequency to which it is tuned. 
This infinite rejection is obtained regardless of 
the finite Q of the coils and condensers of the 
filter and is limited solely by one’s skill in ad- 
justing a single resistive element.' At the same 
time as long as the ratio of unloaded? Q to loaded 
Q (viz., line loading plus external resistance 
loading) is large compared with unity, the band 


* This paper is based on work done for the Office of 
Scientific Research and Development under Contract 
OEMsr-262 with the Massachusetts Institute of Tech- 
nology. 

'W.N. Tuttle, Proc. I.R.E. 28, 23, 1940; H. W. Bode, 
U.S. Patent No. 2,002,216 (1933). 

2 The Q of a bandpass circuit will be defined as the ratio 
of the center frequency to the band width. For a simple 
circuit such as the single-tuned type, Q= Lwo/r, where r is 
the series resistance, L the inductance, and wo the resonant 
radian frequency. 


width, measured between the points where the 
power transmitted is 3 db below the off-resonance 
value, is virtually indistinguishable from that of 
the normal (i.e., finite rejection) filter consisting 
of the tuned circuit alone. The principal object 
of this article results in 
readily usable form for u.h.f. work and to point 
out some salient features hitherto unstressed. 
The applications of infinite-rejection filters 
are as varied as ingenuity affords. The particular 


is to present these 


problem which prompted the present analysis 
was that of eliminating an interfering c-w (or 
low-frequency modulated) carrier without, at the 
same time, destroying the usefulness of a pulsed 
10-cm radar system. The analysis, therefore, is 
divided into two parts: (1) an investigation of 
the criteria for infinite rejection at microwave 
frequencies, and (2) an investigation of the 
distortion produced in rectangular pulses by 
such filters. 
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Fic. 1. Schematic diagram of an infinite-rejection filter 
with tap between condensers. 


The essential modification of the ordinary 
filter consists of a tap from the center of the 
coil or condenser arm to ground (see Fig. 1) 
through a resistance R. (There may be reactance 
in this arm as well; it has been disregarded, 
however, as it merely complicates matters and 
leads to nothing fundamentally new.) It will be 
shown in Section I] that a proper choice of R 
(see Fig. 1) can be made so that no power is 
passed from the generator to the load at the 
resonant frequency. In fact the resistance re- 
quired is R= (rQ,")/4, where Qo is the unloaded 
Q of the circuit, defined as Lwo/r, wo is the 
resonant radian frequency, and the other sym- 
bols have conventional meanings. It is imma- 
terial whether the coil or the condenser is center- 
tapped. However, if the circuit is considered to 
be an L, R”, C all in parallel, a center tap on 
the resistance R”’ brought to ground through R 
will not achieve the desired result. Physically 
this must be so, for at resonance the parallel L, 
R”, C circuit is merely R”. A circuit of this 
type obviously cannot attenuate completely (sec 
Fig. 2). 

In the third section an alternative method of 
accomplishing this same result will be presented 
which, however, can be shown to be precisely 


wm 928 mae 
an 








Fic. 2. Modification of Fig. 1 not leading to 
infinite rejection. 
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equivalent to the methods mentioned above. 
The application of these results to i7-f and video 
frequencies will appear obvious. Several possible 
methods for obtaining infinite-rejection u.h_f. 
filters will be discussed in this section and some 
experimentally obtained results will be presented. 

Finally, in Section IV the results of an analysis 
of the pulse distortion produced by such a filter 
will be presented. 


II. CIRCUIT ANALYSIS 


The circuit of Fig. 1 is in the form of a bridged- 
T section with the capacitance tapped and hence 
can be developed by the usual methods of circuit 
analysis* into the symmetrical-lattice form, Fig. 
3. This lattice is. precisely equivalent to the 
bridged-7, having the same poles and zeros and 
the same frequency behavior. For simplicity the 
generator and its internal impedance (or the line 
impedance if we consider the generator matched 
to the line) and the load have been split off. 
The dotted lines signify repetition of the corre- 
sponding elements. It is not difficult to see that 
the symmetrical lattice is nothing more nor less 
than the usual four-arm bridge, as shown in 
Fig. 4, where Z, is the series element and Z, is 
the shunt element of the lattice. Now from this 
it is easy to picture physically why the circuit of 
Fig. 1 gives infinite rejection. To balance the 
bridge one tunes the resonant circuit as is 
customary, and then, by adjusting R, a condition 
of zero load current is obtained. In such a state 
the power that would normally pass on to the 
load is absorbed in the added resistance. This 
condition of balance is, obviously, the one that 
makes Z,=Z,. It is unnecessary to carry this 
calculation out in detail. The result may be 














Fic. 3. Lattice development of infinite-rejection filter. 


> E. A. Guillemin, Communication Networks (John Wiley 
and Sons, New York, 1935), Vol. 2, Chap. IV. 
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stated ; the bridge is balanced when 


wo? = 2/LC, (1) 
and, simultaneously, 
R= (rQ,") 4. (2) 


K-quation (1) states that the tuning of the circuit 
is independent of the added shunt element (but 
this is only true if it is non-reactive). Equation 
(2) gives the added condition that increases the 
maximum attenuation in the resonance curve 
indefinitely. It is clear that, for the ordinary 
values of Q» met in high frequency and u.h-f. 
work, R is easily realizable physically. If the 
two capacitances in Fig. 1 are unequal, the same 
conditions (1) and (2) hold, but C/2 is now the 
series sum of the two. 

The case of the tapped coil leads to results 
which are expressed precisely by Eq. (1) and 
Iq. (2). (Compare Fig. 5 and Fig. 1.) The 
symmetrical-lattice development of the tapped- 
coil circuit is shown in Fig. 6. If the two half-coils 
are identical, the value of L to be used in Eq. 
(1) is 

L=2L,+2kLi, (3) 


where L, is the self-inductance of the half-coil, 
and is the coefficient of coupling. (This choice 
of identical coils is not an essential restriction 
but leads to facility in computation.) 

It is desirable for ease of discussion, once the 
criterion for infinite rejection has been estab- 





Fic. 4. Circuit equivalent to Fig. 3. 


passed by the filter as a function of frequency ; 
or, rather, to compute the dimensionless fraction, 
the output power divided by the output power 
in the absence of the filter. The latter output 
power is simply e?/4Z, if it is assumed that load 
and line are matched and that e represents the 
generator voltage. It is sufficient to consider 
only the circuit of Fig. 1. Let 7, be the output 
current. We form the dimensionless quantity F 
by 
4\i,|?Z? 
ere, (4) 
e 


‘ 


We are not interested in any phase factor since 
the output of the filter usually is applied to the 
grid of a tube. The following definition is 
introduced : 


w(LC)} 
“a 


®/0o =m = 


Then, with the previous definition of Qo and the 


lished, to compute the actual output power _ balance condition, Eq. (2), one arrives at 





4Z? R*[_m?Qo?(m*? — 1)?+ (1 — m?)? | 


F=—- 





(S) 


” y 


4mR¥ 4R? 2 
(2R+2) mZQuim*—1) - — | +[2x2+ —- mize +orz+4K0)] 


0 
In simplifying this expression it is convenient to 
introduce the further definition 
R=86Z/4. (6) 


c/2 
myi 





, 








Fic. 5. Infinite-rejection filter with tapped coil. 
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Qe? 


Thus 8 is the standing-wave ratio at resonance 
looking toward the unbalanced filter terminating 














Fic. 6. Lattice development of Fig. 5. 
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the lines (In this connection use is made of the 


fact that, for a reasonably high-Q filter, Lwo/r 
= R’/Lwy, where R’ is the equivalent shunt 
resistance.) If terms in 1/Q* and higher powers 
in the denominator of Eq. (5) 


are neglected, 


that equation can be written 


8 ¥ m?(1—m?*)? 
F=j — —_— (7) 
B+2 B+2\* 
m*(1—m*)?+ ——) 
200 
For most practical purposes m=1 very 
closely. Hence Eq. (7) becomes 





8 F (1—m*) 
r=| - ’ (8) 
B+2 B+2/¢ 
Tag 














20. 
7 | 
on 
= (a) Zero frequency, 

tapped condenser 
@ 
5 ” 
=| infinite frequency, 


"ae condenser 


z 
7a SE+5 % 








= (c) infinite frequency, 
tapped coil 
/ r/ 
£2 
z 4 z 





= (4) Zero frequency, 
tapped coil 


Fic. 7. Limiting cases of Figs. 1 and 5. 


* The standing-wave ratio is the ratio of the sum of the 


incident and reflected wave peak amplitudes to their 
difference. 
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realized in practice. (The 


In the region far from resonance, 
value of F, from Eq. (5), is 


the limiting 


B r 4 
F,= i] (9) 
B+2 
for high frequencies ; and 
Fy =| ( 10) 


at low frequencies. 
B>2 and r<Z, 


The curve is symmetrical if 
a condition which is usually 
value of 8 is often of 
the order of 10, Qo is often ‘several hundred, and 
Z/r is often 2000 or more.) These limiting 
can be seen from simple reasoning. At 
frequency, the circuit of Fig. 
Fig. 7a. Here it is clear that 


4 
(+53) 
2Z 


For very high frequencies, the circuit of Fig. 1 is 
similar to that of Fig. 7b, and it is again obvious 


that 
B 2 
a 
B+2 


If, as in Fig. 5, the inductance is center-tapped 
to ground, the behavior is slightly different 
except near resonance. For very high frequencies, 
the circuit equivalent to Fig. 5 is that of Fig. 7c 


and 
B 2 
F, -|— | 
B+2 


For low frequencies, the circuit is that of Fig. 7d 


and likewise 
Es 
Fo= i ° 
B+2 


Thus there is a slight difference in the low and 
high frequency behavior of the two cases, i.e., 
tapped coil or condenser, which disappears when 
8 is large. 
than real, 
losses have 


cases 
zero 
1 becomes that of 





as found above. 


(This difference is more apparent 
for it arises solely because all the 
been to be connected 
with the coil and none with the condenser.) 


considered 
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It is interesting to compare the expression (8) 
for F with that for the unbalanced network (R 
infinite). Details will be omitted. The result is, 
with 8 preserving the previously assigned mean- 
ing and value, 

4[ Q.?(1 —m?)?+m? | 


FF’ = . (11) 
40.27(1 — m*)?+ m?(B+2)? 





Equation (8) reduces to Eq. (11) in the limit of 
large 6 as it must, i.e., when the equivalent 
shunt resistance of the resonant circuit is very 
large. However, F’ approaches unity at both 
very high and very low frequencies and thus is 
symmetrical about m= 1. 

The band width of the infinite-rejection, or 
balanced, filter may be defined as the difference 
in the two frequencies where F has half its 
value at infinite frequency. From Eq. (8) this 
requires that 


(1 — m7)? 


B+2/7 
(1—m?)?+ ——| 
20% 





=}. (12) 


The term (1—m*) can be replaced closely by 
25m, where 6m is the shift of frequency from 
the (m=1)-value. Thus Eq. (12) becomes 


5m = +(8+2)/4Qo, 


and the band width at the half-power, or 3-db- 
down, point is thus 


B+2 


B =——f cycles/sec., 


(13) 


where B is the band width and wo=2zfo. 
For the unbalanced filter in this notation the 
band width is given simply by 


[(6+2)?—8]}! 
B' =- 
20» 





(14) 


fo cycles /sec. 


and hence reduces to Eq. (13) for large values of 
8. A sketch of the antiresonance behavior of the 
balanced and unbalanced filter is given in Fig. 8. 
In this figure the minimum in the unbalanced 
filter curve is given by Eq. (11) while, of course, 
for the balanced case, 


(15) 
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£ 1 

3 \j 

bs \\/ “Balanced 
é y filter 


Fic. 8. Schematic behavior of antiresonance curve. 


If one defines 


y= Oo /Q1, 
where Q, is the loaded Q of the circuit (because 
of line loading and external resistance loading) 
y can be related to 8 by 
B+2 
—=¥. 
2 


(16) 


(17) 


The value of the loaded Q of the unbalanced 
filter at resonance may be seen almost from 
inspection of Fig. 9. The quantity Qo is defined as 
Qo=B8Z/Lwo; QO is likewise defined as R;/Lwo, 
where R, is the parallel resistance across the 
terminals of the inductance, i.e., Rj = 28Z/(2+8). 
Hence: 


¥=Qo Q.= (8+2) 2. 


Now Eg. (11) may be rewritten at resonance as 


2F 1 
Fox -|— —=—, 
B+2) ¥° 


which can be easily visualized. The depth of the 
attenuation cut taken by the filter depends only 
on the ratio of loaded to unloaded Q, and hence 
principally on the coefficient of coupling of the 
line to the filter. In principle, infinite attenuation 
at resonance could be obtained with the unbal- 
anced filter by enormous coupling to the line. 
However, in such a case, the band width likewise 


(18) 


6z 
WA— 








HOW) 


Fic. 9. Circuit for determining loaded Q. 





Ce 
° tT -O 


Fic. 10. Circuit equivalent to Fig. 5. 


becomes enormous; for Eq. (14) may be written 


as 


fo fof 1 
rhea dl 


—(7?—2)!=—— -2). (19) 
200k Foe’ 


and as F’ decreases B’ increases. 

of the balanced circuit, while 
F,..=0, the band width however is still finite as 
found above in Eq. (13); viz., in this notation, 


fo 
201, 


In the case 


B=vr7fo 200= (20) 


and the attenuation at high frequencies, from 


Eq. (9), is 
e~tr 
r.=|*—]. 
Y 


It is interesting now to put in some figures for 
a possible u.h.f. application. Let the desired 
band width be +0.5 Mc/sec. at 3000 Mc/sec. 
Thus Q,=3000. Let Q»=30,000, and hence 
y= 10. Then, in this case, according to Eq. (21), 


F,=0.81, 


(21) 


which represents an insertion loss of about 1 db 





and, of course, F,..=0. For the same filter 
unbalanced, 
F... =0.01, 
; R/2 
<a 
= | 
z 2L “i 2’ 


Fic. 11. Lattice development of Fig. 10. 
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+0.5 Me/sec. 


the band width would be 
within 1 percent for both filters. 

The circuits of Fig. 1 and of Fig. 5, discussed 
in some detail in this section, by no means 


and 


exhaust the possibilities of single-section infinite- 
rejection filters. In fact they are merely proto- 
types: variants can be obtained by standard 
transformation theorems. For example, the cir- 
cuit of Fig. 10 is potentially equivalent to that 
of Fig. 5. From the symmetrical-lattice develop- 
ment in Fig. 11, it can be shown, with some 
manipulation, that the condition for infinite 
rejection is that 


r 
wo" = we"? + wr, (22) 
R 
and 
n* 
R r=Qvn'( +n'—1), (23) 
4 
where 
Leow 1 2 
Oo= = wo." = ’ w= ’ 
r LC; LC 
We @1 
n=—, n=— 
Wa Wi 


The extension to the case where the capacitances 
C; are not equal is readily accomplished but 
leads to nothing essentially new.® 


5 Some interesting asymmetry properties are present in 
this filter. For instance, the possible values of R/r range 
from 4 to ~; i.e., when m=O the value of 4 obtains, and 
when m=1, R/r—-« and rn?/R-0. In the limiting case of 
small values of n?(C:> C2), Eqs. (22) and (23) lead to 


wo? we?, (a) 


R=4r. (b) 


When n? becomes very large (C;<C.), the limiting value 
of the frequency, again is 


wo? we’, (c) 
but now we have 
R=rQ?n*/2 (d) 
and 
w1?/wer=(R/r)}/Qo. (e) 


(Cf. Eq. (d) and Eq. (2).) From Eqs. (d) and (c) it can 
be seen that the apparent pull of the resonant frequency 
from that of the shunt arm alone is somewhat illusory, 
despite Eq. (22). Thus one possible small advantage 
ensues. For a given value of R infinite rejection may be 
obtained by varying C;, and, hence, n. If the frequency 
pulling (which is small as noted) is not serious, this may 
be a convenient method. 

For reference, we write the expression for the fraction of 
the unfiltered energy transmitted by this balanced filter 
as a function of frequency. 


F's (f?—1)?R/r 


R . R*)fn2(1+2r)?, 4 er ‘| 
[etal 4Rr +a! ” ‘) 


where f=w/wo. 
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While the circuit of Fig. 10 may be better 
than that of Fig. 1 or Fig. 5 for some applica- 
tions, it suffers from two defects: (1) six circuit 
elements are necessary vs. five in the former case, 
a defect of some importance in u.h.f. applica- 
tions; (2) the frequency of infinite rejection only 
approximates the resonant frequency of the 
shunt resonant element, and each adjustment of 
R requires readjustment of wo. Furthermore, R 
cannot be readily visualized or calculated in 
terms of standing-wave ratios. 

Finally, it should be mentioned that, for tuning 
the balanced filter of Fig. 1 over a comparatively 
narrow range of frequencies, it is desirable to 
change both L and C, although either one alone 
can be varied. The condition of balance, from 
Eq. (2), may be written as 


wel? 


4r 


and, if one eliminates wo? by noting that near 
resonance wolL2/Cwo, 


R=L/2rc. (24) 


Since 7 represents the losses in the tuned circuit, 
it is practically constant during the tuning, and 
hence the filter remains balanced with R fixed if 
L and C are changed together in such a way 
that their ratio stays constant. If, however, L 
alone is varied or C alone is varied as the fre- 
quency is varied, say by / percent or c percent, 
respectively, for a 1 percent change in wo, R 
must be changed by (2+/) percent or (1+<c)/2 
percent, respectively. Depending on the method 
and difficulty of changing R, we can attempt to 
tune in one of the three ways. 


III. APPLICATION TO u.h.f. FILTERS 


In the previous section we found that a filter 
of unlimited attenuation could be realized practi- 


LC 
e'z(1-w—) 
2 


c/2 








F (| ia 


= R=@2 


ANN 








Fic. 12. Infinite-rejection filter in the form of a 
three-arm bridge. 


cally, at least for cases where the circuit con- 
stants are lumped. The following question now 
arises: what modifications are necessary when 
one deals with corresponding distributed-param- 
eter circuits, i.e., u.h.f. lines and u.h.f. resonant 
cavities? It turns out that this same analysis is 
applicable, for it is well known that a single-mode 
cavity resonator can be completely specified in 
terms of Q, wo, and R” and, likewise, a u.h.f. line 
has a definite input impedance (usually real). 
The cavity resonator can be shunted across the 
line, or placed in series with one side of the line. 
In the latter case we have exactly the unbalanced 
filter of Fig. 1 or Fig. 5 discussed above. The 
only remaining question is how we can arrange 
the analogue of R, for there is no obvious con- 
denser or inductance to be center-tapped. 

Before proceeding to a discussion of the meth- 
ods of realizing the balanced filter it is worth 
while to introduce still another circuit which 
can be shown to be precisely equivalent to the 
balanced filter. 

Figure 12 shows essentially a three-arm bridge. 
Let us assume an ideal 1:1 (auto) transformer 
such that the impedances are infinite, and close 
coupled, so that the coefficient of coupling is 
unity. One is interested in the load current as 
a function of R and w. This is given by 








iy, = 


LC 


Z(B+2) 2a2°( 1 -—) + jwLZ (8+ 2) 


where i, is the load current and all other symbols have their previous meanings and R is taken 
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= 
23 


Afr 











Fic. 13. u.h.f. realization of Fig. 12 


equal to R”, i.e., 8Z. Again we form the fraction 


41,\*2° 
F= 





e 
and find 


46°(1 —m7*)* 
F= ~ —, 


(8+ 2)* 
3+2)] 40 — m*)* +- 





(26) 


—— n° 


Qo’ 


Remembering that m? is virtually unity, we note 
that Eq. (26) is identical with Eq. (8). Thus the 
attenuation for low frequencies is given by the 
ratio of 6B to (8+2), just as was found before. 
The band width to the 3-db-down points there- 
fore must be exactly the same. Hence it may be 
concluded that the bridge circuit is precisely 
equivalent to the balanced-filter circuit, even to 
the necessary loss of resonance. 

This suggests at once a simple method to 
obtain the balanced-filter behavior at u.h-f. 
Consider the circuit of Fig. 13; C is a cavity 
which is equivalent to the lumped resonant 
circuit of Fig. 12. The power absorbed in the 
load Z is made up of two parts: one part comes 
directly through C to Z, the other through the 
branch line to Z. This latter suffers a 180° change 
of phase by making AC and BD each a quarter 
wave-length. Then the power through the branch 
path arrives at D with phase reversed from that 
of the power arriving directly. The amount of 
‘power bypassed is controlled by the probes in 
the stub lines. This circuit, as a little thought 
will show, is the u.h.f. analog of Fig. 12 and 











Fic. 14. u.h.f. analog of Fig. 1. 
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Fic. 15. Second u.h.f. analog of Fig. 1. 














hence should possess its advantages. One device 
of this type has been constructed and will be 
discussed below. ; 

Another application of these ideas to a u.h.f. 
filter is suggested by Fig. 1. Can this circuit be 
carried directly over to ultra high frequencies? 
Suppose one had a cavity as in Fig. 14. It is 
quite clear intuitively that by symmetry if a 
probe is placed midway between the interior 
posts of the cavity and connected by a resistor 
to the center 


conductor, i.e., ground, it is 


the complete analog of Fig. 1. However, this 
procedure is difficult experimentally. Alterna- 
tively we might connect R from ground, not to 
the center point between the posts, but to a 
point in the coupling window at the midpotential 
of the window. Thus we would be reasonably 
sure of obtaining again the analog of Fig. 5. 
Finally, we may incorporate this idea in a 
practical way as follows: C again is the cavity 
(Fig. 15), and A the center conductor of a 
coaxial line. This is stub-supported at the point 
B, symmetrically located with respect to the 
(symmetrical) cavity C. Now, if the stub center 
conductor S could be made lossy, with a real 
resistance between B and ground equal to rQo*/4 
(where 7 is the equivalent series loss of the 
cavity and Qy» is the unloaded Q of the cavity), 
we would expect the balanced-filter results to 
apply. This can be achieved by coupling a real 
load to the stub cavity as shown. By adjusting 


rt Log R 





Fic. 16. LogF,e, vs. logR. 
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Fic. 17. Infinite-rejection filter. 


the coupling, choosing the load properly, and 
placing it at the proper distance from the probe, 
any equivalent real value. of impedance can be 
introduced into S, and the reactive part can 
effectively be absorbed in the cavity reactance. 
Thus, since B is essentially at the midpoint of 
the effective voltage across the cavity C, we can 
balance the filter by this adjustment and by 
tuning C. It should also be noted that there 
should be no “‘frequency-pulling”’ (to the extent 
that the added reactance at B is small) because 
the balanced filter and unbalanced filter have 
the same resonant frequency (see Fig. 8). 
Furthermore it is not essential that the voltage 
across the iris be completely symmetrical with 
respect to B. (Note discussion in first part of 
Section II.) A filter of this design has been 
constructed, and the data obtained from it will 
be presented below.® 

A word shouid first be said, however, con- 
cerning how critical the tuning procedure can be. 
The sharpness of tuning as w is varied can be 
seen from Fig. 8. In practice, however, this 
adjustment is usually not very difficult, for one 
may tune the cavity by stubs moving on fine 
threads in a region of weak field. The sharpness 
as R is varied can be calculated. The result is 


(-) 


Fros = (27) 


16 4\ 7 
—(R+1)4| 2R+1)(2+ )| 
Q° 8 


® Acoustic applications of a filter of this type suggest 
themselves but will not be discussed here. 
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Top VIEW 


to the same degree of approximation as previ- 
ously used. 

It is noted that F,,, becomes zero, as it should, 
for R=8/4. A logarithmic plot of Fy. is given in 
Fig. 16. The adjustment of R is thus seen to be 
critical and, experimentally, needs a little care. 
(For the curve drawn, Q was assumed 3000 and 
8= 20; then one can simplify further to obtain 


4R 7 
sary, 
8 


Freos= ny cms .) 


corti] 2+] 








For any particular cavity it is wise to choose the 
load and load position (or, failing this, to use the 
proper transformer) such that R at B is approxi- 
mately the correct value to start with. 

In order to retain full benefit of the infinite- 
rejection circuit, it is clear from Eq. (20) that 
the loaded Q should be high, and thus for large 
values of 8, the unloaded Q must be very high. 
For a band width of 0.5 Mc/sec. at 3000 Mc/sec., 
a loaded Q of 6000 is needed, and clearly a cavity 
operating in the 7Eo,:,; mode? is indicated in 
order to obtain the necessary Qo of 30,000 or 
more so as to have a small loss off resonance 
(see Eq. 21). Conveniently enough, an “echo 
box”’ can be modified for this use.* 


7See W. L. Barrow and W. W. Mieher, Proc. I.R.E. 28, 
184 (1940). 

* The ‘echo box" is merely a high Q cavity.The ratio of 
stored to dissipated energy is so high that, once excited, the 
echo box will “ring’’ for a considerable time. 
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Fic. 18. Filter characteristics. Curve I, balanced filter; 


Curve II, unbalanced filter. 


Although the tuning of the filter is exceedingly 
sharp for very high rejection ratios (cf. Figs. 8 
and 16), and therefore the standard Radiation 
Laboratory echo box (1943) had to be eventually 
supplanted by a cavity of similar design but of 
t-in. steel plate for the sake of mechanical 
rigidity, the following results will be reported 
from a modified standard echo box. Figure 17 is 
a drawing of the cavity. The loss in the side 
stub is provided by the resistive disk D, whose 
the 
(roughly) calculated value. Further adjustment 
was provided by the tuning stub 7S which, if 
Ry is the value of the resistance, makes the real 
impedance at B any value from 0 to Ro. Thus 
the resistance at A can be adjusted to the proper 


resistance was adjusted by scraping to 


value. (The inevitable reactance introduced can 
be simply absorbed in that of the cavity.) Iris 
coupling to the TE», ;,; mode requires the rather 
peculiar off-set shown. With the filter coupled 
between the generator and receiver (through a 
standing-wave detector) by considerable lossy 


Tasie I. Comparison of theoretical and 
experimental results. 


Design Modified Cavity with Probe-type 
characteristics echo box center posts filter 
fo in Mc/sec. 3284 3160 3233 
5.78 16.8 2.7 
B’ in Mc/sec. 0.5 14.7 1.04 
Exp. Theor. Exp. Theor. Exp. Theor. 
Y 4.2 4.63 10 9.4 3.6 2.35 
B/ B 1.02 1.05 1.14 1.01 1.15 1.21 
Insertion loss in db 1.1 1.06 2.25* 1.0 6.1%* = § 
F res/F res’ in db 60 x 35 2 il co 


* There was an asymmetry in the resonance curve due to imperfect 
matching between line and load. This partly accounts for this dis 
crepancy. 

** Averaged over asymmetry. 
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line, curves of filter output vs. frequency were 
obtained. These are shown in Fig. 18. Curve | 
is for the filter adjusted for infinite rejection; 
Curve II is for R considerably different from the 


correct value. It is seen that Curve II is the 
usual rejection-filter characteristic. Curve I is 
virtually identical with it at the half-power 
points and above, but increases the rejection 
ratio to very large values. The 70-db point was 
the last measured value and was limited by the 
receiver sensitivity. There is nothing to make 
one believe it could not be extended considerably 
further, although even at the 70-db point con- 
siderable difficulty is encountered merely in the 
frequency instability of the (klystron) signal 
generator. Table | summarizes the experimental 
measurements and compares them with the 
values computed from theory. It is clear that 
the agreement is satisfactory. 

A word might be said of two preliminary 
constructions. To check the theory, a cavity of 
the type sketched in Fig. 14 was constructed as 
a balanced filter. Figure 19 describes it, and 
Table | gives the experimental and _ theoretical 
results obtained with it. For cases where extreme 
sharpness is not required this filter is easy to 
make, easy to adjust, and easy to operate. 

Finally, the u.h.f. Fig. 12 
likewise been constructed from a modified echo 
box. This is shown in Fig. 20. Because of inability 
to couple properly by means of probes, the 
tabulated theoretical and experimental results 


analog of has 


shown in Table | are not in as good agreement 
as in the other two cases. 


IV. PULSE DISTORTION PRODUCED BY FILTER 


Although the results of investigations into the 
distortion introduced in an initially rectangular 
pulse emerging from a single-tuned filter (pass 
or rejection type) are probably well known for 
the case where the filter is tuned to the carrier 
frequency of the pulse, not as much information 
seems to be available for the case where the filter 
is not tuned precisely to the carrier.* 

The mathematical expression for the transfer 
impedance of an infinite-rejection filter becomes 
too involved for tractability in Fourier analysis. 
Thus one is forced to idealize the actual problem. 
This can be done, however, with practically no 
modification of the actual state of affairs, for the 
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attenuation characteristic of an infinite-rejection 
filter very closely resembles that of a single-tuned 
circuit with a Q far too high to be realized 
experimentally. Thus the following is required of 
the single-tuned circuit: (1) it shall have the 
same band width as the infinite-rejection filter, 
and (2) it shall have the same attenuation at 
resonance. The correspondence in shape then 
follows automatically. The experimental filter 
described in Section III had a band width of 
0.5 Mc/sec. at 3000 Mc/sec., with a loss off 
resonance of approximately 1 db. Let us take 
the attenuation at resonance as 60 db. Then 
the appropriate constants for the idealized filter 
are Qo=6X10° and R=2000, where Qo, the 
unloaded Q of the filter, is defined by Qo= R/Lwo. 
The term L is the equivalent lumped inductance 
of the filter, and R is the equivalent shunt 
resistance, measured in units of line impedance. 

The system function, i.e., ratio of output to 
input voltage, is given by 





Qo 
1+2j—(w—wy») 
Wo 
h(w) =— —, (28) 
Qo 
2+R+4j—(w—w») 
Wo 


where j=(—1)', and wo is defined by 


ae 
wo =—. 
LC 
Now, let e; be a rectangularly modulated sinu- 
soidal carrier of radian frequency w, with unit 
amplitude and pulse duration +r seconds. 

Before we proceed to a mathematical formula- 
tion of the resulting output voltage e2, we may 
describe the process in physical terms. The 
incoming pulse shock-excites the filter. The 
filter “‘rings’’ for the duration of the pulse at the 
frequency of the pulse, with a steady-state 
amplitude dependent on the resonance character- 
istic of the filter. To this steady-state value is 
added a transient oscillation decaying exponenti- 
ally to zero at a rate determined by the Q and R 
of the filter. At the conclusion of the pulse, the 
steady oscillation disappears, and all that is left 
is the decaying term, but now to it is added a 
second decay term out of phase, initiated by the 
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DOTTED LINE INDICATES 1” 
VERTICAL OPEWING Im CaM 


F yc. 19. u.h.f. filter. 


“shock” of returning the carrier level to zero. 
lf, in addition, the filter is somewhat detuned 
from the carrier (of frequency w,) the decay 
terms, representing self-resonant transient oscil- 
lations, beat with the steady-state oscillations at 
a frequency equal to the difference between the 
two. Thus the resultant shape of the pulse is 
cooperatively determined by (a) the Q and R of 
the filter, and (b) the frequency difference 
Af = (wo—w1) /2m cycles/sec. 

Returning to a mathematical formulation of 
this result, we see that the function e2(t) can be 
obtained from e,(f) by a technique now fairly 
standard.’ The Fourier spectral distribution of 
the unit pulse of duration + is multiplied by 
h(w), expanded into partial fractions, and re- 
integrated with respect to w (with, of course, 
proper attention to the choice of path cf inte- 
gration in the complex plane) In short, there 


& wire 

















RCHO BOX 





Fic. 20. Bridge-type filter. 


*E. A. Guillemin, Communication Networks (John Wiley 
and Sons, New York, 1935), Vol 2, Chap. XI. 
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results 





exp jwrl | Oo 
éo(t) = —_—_—_——— | 1+2 j—(w; — wo) 
Vo | Wo 
2+ R+4j—(w1—wo) 
Wo 
+—exp[_j(wo—w)t | 
2 
R+2 
exp] — au || 
40, 
QO<t<r; (29) 
exp[_ jit | 
2 
e,(t) = se: ON SOE 
On | 
2+R+4j—(wi—wo) 
Wo 
7 R+2 
xexp — wol 
4 4Q) 
; R+2 : 
—€xXp — Wi un] 
4 4Qy 
XexpLi(w—w)(—7)}], 
r<t<x, (30) 





Ww 














where, to repeat, w; is the radian frequency of 
the carrier, wo is the resonant radian frequency 
of the filter, and the factor multiplying exp[_jwit | 
is the resultant pulse shape. 

Expressions (29) and (30) have been calculated 
for a 1-ysec. pulse and with differences of carrier 
frequency from filter frequency of 0, +0.2, +0.4, 
+0.6, +0.8, +1, and +1.5 Me/sec. It is to be 
noted, of course, that the result is even in the 
difference frequency, as would be expected. 

The final appearance of the pulse will depend 
strongly, of course, on further phase shifts, 
attenuation, and demodulation in the receiver. 
However, phase shift and attenuation can both 
be neglected in a well-constructed receiver (ex- 
cept possibly for a linear phase shift which 
merely shifts the origin of the pulse). A linear 
detector will have a video output, therefore 
e.(t)| (disregarding the carrier 
frequency part). A square-law detector will have 
an output proportional to e2(f) *, and so on. 
The curves plotted from Eqs. (29) and (30) and 
shown in Fig. 21 are calculated from | e.2(t) |? 
i.e., for a three-halves power second detector. 

The measurements were 
made was carefully constructed, with an 7-f band 


Ww 


proportional to 


receiver on which 
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Fic. 21. Distortion produced in rectangular wave 


by a high Q rejection filter detuned from the pulse 


frequency by Af Mc/sec. 
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width of some 13 Mc/sec. and a video band width 
of some 7 Mc/sec. The second detector was 
between and three-halves 
power law. One photograph reproduced in Fig. 


somewhere linear 
21 shows the resultant rectangular wave form. 
The pulse was formed by driving the grid of a 
klystron amplifier (excited by a klystron oscil- 
lator) from cut-off to a conduction value. This 
resulted in a pulse virtually free from f-m. The 
output cavity of the amplifier was broadened in 
bandwidth by loading it externally. The other 
photographs carry self-evident explanations. 

The agreement between experimentally deter- 
mined and theoretically predicted curves is seen 
to be quite satisfactory, with the possible excep- 
tion of the pulse for Af=1.5 Mc/sec., where 
Af =(wi1—wo)/2x. Such differences as remain can 
be accounted for by the lack of abruptness in 
the rise and fall of the pulse, somewhat inexact 
guesses as to Qy and R, and the slight difference 
in the law of the second detector assumed and 
that used. However, more accurate determina- 
tion is hardly warranted. 

It is clear that for small frequency differences 
the pulse is spread out to some two microseconds 
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or so, with a more or less triangular shape, but 
in every case there is a fairly well defined discon- 
tinuity at ¢=1 usec. While the attenuation of 
the center frequencies in the pulse spectrum is 
essentially complete, enough energy remains to 
give respectable signals. One crude experiment 
showed a loss of about 2 db in the minimum 
discernible signal in receiver noise for a filter 
tuned so that Af=0. As | Af| increases, the depth 
of the cut in the pulse and the length of the tail 
decrease more or less uniformly until a case is 
reached where there is about one wiggle (due to 
the beat phenomenon mentioned above) across 
the top of the pulse (Af=1 Mc/sec.), then two 
wiggles with reduced amplitude, and so on. The 
explanation of the discrepancy between the 
theoretical and experimental curves for Af=1.5 
Mc/sec. is probably that the difference frequency 
differs slightly from the nominal value. The 
larger Af, the more phase change in the wiggles 
for a given error in frequency setting. The beats 
finally die out and a square pulse is regained 
when the filter is tuned far off resonance. It is 
therefore not hard to determine the tuning of 
the filter to a fairly considerable accuracy from 
the video appearance of a square. pulse. 
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Theory of Automatic Control Systems* 


M. AvRAMY 


MELVIN 


Columbia University, New York, New York 
(Received June 7, 1946) 


The theory of robots or reproducing power-amplifying 
systems is considered. After a general terminological ori- 
entation the study in the first part is confined to simple 
robots, the theory of which is equivalent to that of non- 
linear springs with inertia and friction. The alacrity and 
fidelity of control are well exhibited by studying the be- 
havior of a robot under constant tracking. Special emphasis 
is placed on the specification of conditions for optimum 
performance, i.e., minimum deviation or maximum fidelity 
after any given time. Curves are given for both propor- 
tional and on-off robots, from which the parameter values 
for optimum performance may be read. 

In Part II the theory of proportional robots is analyzed 


PART I. DESCRIPTIVE ACCOUNT 
A. Terminology and Kinematic Description 


POWER ROBOT may be defined as a 

reproducing power-amplifying system. In 
other words the name refers to any automatic 
control system which reproduces the time varia- 
tion of some quantity which is fed into it, but 
with enormously amplified power. Now, power 
(whether mechanical or electrical, see Glossary— 
Table |) is measured by a force-like quantity,** 
m, multiplied by the time variation of some 
position-like quantity, 8, i.e., 


dé 
Power = m—=mv. 
dt 


* This work was done in 1943-44 under Contract No. 
OEMsr-618 between Columbia University and the Office 
of Scientific Research and Development which assumes no 
responsibility for the accuracy of the statements contained 
herein. It was carried out with practically no reference to 
existing literature, which was, in any case, largely unavail- 
able. Any deviations of terminology from that current 
among the workers in the field may be ascribed to this. 
It is hoped that the extensive glossary at the beginning 
will compensate somewhat for this deficiency. The terms 
used were carefully chosen with a view to suggestiveness, 
and some may recommend themselves to others. 

_ .** Apologies are here made for the notation, originally 

adopted in unpublished preceding reports for other reasons. 
It is to be noted that the theory is much more general than 
appears here, since m and @ may be any pair of conjugate 
physical quantities (original report). But, for simplicity, 
one may think of @ as a position variable (or angle) and 
of m as a force (or torque). The system then reproduces 
the motion or “‘tracking’’ of a guide, which is detected by 
the pick-up and applied via a motor to the load or controlled 
system. 
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in detail, especially from the point of view of conditions for 
optimum performance. Two subsequent papers will con- 
tain the theory for the on-off case and the general non- 
linear robot case. The paper is organized as follows: 


Part I. 
A. Terminology and kinematic description 


Descriptive account 


B. Dynamical equation of robots with usual load 
C. Optimum performance curves. Practical examples 
Part Il. Theory of simple robots with proportional control 
A. Complete solutions as functions of time. Optimum 
performance curves 
B. Path curves in the position-velocity plane 


The robot may then be said to reproduce the 
time variation, v, of the position of some guide, 
6,, with an enormously increased m so that a 
heavy load may be made to follow. The manner 
in which this is accomplished is by having a 
delicate pick-up operate a motor which applies 
power to the load. The pick-up is so constructe | 
as to compare the position, 6,, of the guide with 
6 of the load and apply a restoring force m’ by 


| 


Guide | 
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Fic. 1. Schematic diagram of a simple robot. 
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means of the motor to reduce the magnitude of 
the difference, D’=6,—6, between them. We 
shali call this difference the output deviation, and 
shall designate as a simple robot any system in 
which the operation of the pick-up is made to 
depend directly on this output deviation, D’. 
Other more general types, such as transmission 
robots, may be discussed in another paper. 

A schematic diagram of a simple robot is 
given in Fig. 1. It will generally be arranged that 
all reaction of the controlled system back on the 
guide will be negligibly small. We shall further 
include in the specification of a simple robot the 
physically natural requirement: 


m’ is a single valued integrable function of D’ 
in any finite domain. Let the phrase apparent 
work (i.e., as measured in the frame of refer- 
ence moving with v,) describe the integral 
JS m'dD’. We may then formulate the condi- 


tion in words: The apparent work done against 
the motor is finite in any finite deviation and is 
zero upon the completion of any closed cycle. 


In general one may write the equation of mo- 
tion of a simple robot as 


Z(.6)=m'(D’), 


where Z is what we may call the “displacement 
operator’ or ‘‘stiffness’” of the load (usually 
involving differential operators) and m’ is the 
restoring force function. In very many cases, 
including all those considered in this paper, the 
displacement operator is linear in @ and its 
derivatives (or integrals). Examples are transla- 
tional inertia, rotational inertia about an axis, 
“Ist power law” viscous resistance, magnetic 
damping, Hooke’s law elastic stiffness, etc. In 
all such cases we may rewrite the equation of 


TaBLe I. Glossary and examples of terms used. 


Dimensionless 
forms for 
usual load 





Symbol Description Translational motion Rotational motion Electric circuits case 
1 total time T=BT/I. 
T =moT tyl 
i time from beginning of a cycle Tr 
a position-like variable position angle work per unit current or %=B?0/mol 
time integrated voltage 
'=d0 dl velocity-like variable velocity angular velocity voltage w = Bu/mo 
m torce-like variable force torque current w=m/mo 
I inertance mass moment of inertia capacitance 
B=1/R’ biintines euslioions x 1 Lome sorce per torque per unit ; conductance = — a 
respondance unit velocity angular velocity resistance 
Kei’ ities Pn elastic force per elastic torque per inverse inductance 
compliance unit displacement unit angle turned 
g as subscript indicates quantity associated with guide 
b as subscript indicates quantity at beginning 
u as subscript indicates quantity associated with n-th cycle if there is oscillation 
n+} as subscript indicates quantity associated with second half of n-th cycle if there is oscillation 
x as subscript indicates quantity associated with steady state 
, — s BR 
D’ =0,—0 total output deviation A’ =— 
mol 
Di =0, —0 input deviation Ai 
D,’ mean steady state deviation from guide position A»’ 
D=D’' —D,’ output deviation from steady state deviation =“‘deviation” A 
Dn maximum amplitude of deviation in n-th cycle An 
V=y- time rate of change of deviation Q == 
a time measured from the beginning of constant tracking a 
To’ interval between beginning of constant tracking and first vanishing of D To 
T =7’—T»o time measured from first vanishing of D 7 
P, period of n-th cycle ™n 
n(D) Number-Amplitude function giving number of cycles required for maximum amplitude to fa!l to D n(A) 
D(T) Amplitude-Time function giving maximum amplitude as a function of time A(T) 
= >. o +H : ; ) Fidelity Fraction: approximate fractional time per cycle spent within unit D interval about D,’ fy "ely 
H 
Buin optimum value of the friction coefficient for minimizing the deviation amplitude at any time 
Bmax optimum value of the friction coefficient for maximizing the fidelity fraction at any time 
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Fic. 2. Restoring force deviation graphs for various types 
of control. 


motion in terms of D’: 


Z| D’ |=2(t) —m’'(D’) 
where (1.01) 


2(t)= Z(0,(t) | 


is the result of operating with Z on the guide 
position as a function of time. 

In general the pick-up is such that the re- 
storing force (i.e., ‘‘cause’’) is not linearly pro- 
portional to the deviation (‘‘effect’’), so that the 
theory of robots will be in the domain of non- 
linear dynamics. The special linear case in which 
the pick-up does act to produce a restoring force 
proportional to the deviation is designated by 
the name of proportional control. \t will be 
analyzed below so that it may serve as a stand- 
ard of comparison for other, non-linear controls. 


. The graphs of restoring force versus deviation for 


several types of control are given in Fig. 2. 

A division which should be made from the 
point of view of a general theory is between 
faithful and vacillating (or faithless) robots as 
illustrated in Fig. 2. In a later paper! we shall 
give a precise and general definition of faithful- 
ness, but tentatively we may indicate the dis- 
tinction as follows: In a faithful robot the re- 


! “Theory of damped non-linear oscillators with applica- 
tions,”’ referred to in the following as D.N.O. 
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storing force always acts so as to reduce the 
deviation, i.e., m is always positive for positive 
D. Not so for a vacillating robot, a type which 
may occur, for example, in rotating control sys- 
tems where, if the deviation exceeds a certain 
value, a new guide (or the old one from the other 
side) takes over as the center of attraction and 
the old one is deserted. Certain theorems which 
may be proved, such as the approach in constant 
tracking of every simple robot to a steady state 
of zero oscillation, may be proved only for faith- 
ful robots. The others may vacillate throughout 
eternity. 

In any case, the efficiency of a robot will be 
measured by the fidelity with which the load is 
made to follow the guide, i.e., by the smallness of 
the time lag and oscillation of the output devia- 
tion D’ for changes in @,. The more ideal the con- 
trol system, the smaller will these quantities be. 
It is one of our prime objectives not only to 
deduce the general description of the phenomena 
but also to determine what values of the param- 
eters will minimize lag and oscillation. 

There are two interesting special cases: 

I. The amplification of power associated with an oscil- 
latory motion. 


Il. The amplification of power in the case of constant 
tracking. 


The first is the case in which the guide moves 
with a given oscillatory motion, and the problem 
is to determine what the amplitude, frequency, 
and phase of the output deviation are. This is a 
generalization of the problem of forced oscilla- 
tions in linear mechanics and we shall not discuss 
it in this paper. 

The second case is that in which, beginning at 
a certain time when the velocity of the load is 
vy and the output deviation is D,, the tracking 
velocity, v,, of the guide becomes and remains 
constant. It is a generalization of the problem of 
free oscillations, or oscillations under a constant 
force, in linear mechanics. It is this case of con- 
stant tracking with which we shall primarily be 
concerned, for the fidelity of control of a robot is 
perhaps best brought out by studying its char- 
acteristics for this case (Fig. 3). After a certain 
time and number of cycles (finite or infinite) the 
system may attain a steady state. The steady state 
may be either one of no oscillation, i.e., perfect 
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following of the tracking motion, or of a steady 
oscillation with finite period and amplitude. The 
following or oscillation may be about the correct 
tracking motion or about a position lagging by a 
certain steady value behind the correct position. 
When it occurs, we shall denote this mean 
steady-state deviation from the guide position 
by the symbol D,’ (an explicit definition will be 
given later), and it will be convenient to separate 
it out from the total output deviation, so that 
we may write 


D=D'-D,’. 


Here then, D represents the deviation from the 
mean steady-state tracking position (Fig. 3). 
Since it is often relatively easy to correct for a 
steady space deviation like D,’, it is desirable to 
concentrate merely on minimizing the oscillation 
and time lag of D. 

When there is oscillation it is often convenient 
to start counting time and number of cycles 
from the first time when D=0. Let the interval 
between the beginning of constant tracking and 
this first zero of D be represented by the symbol 
Ty’ (Fig. 3) so that, if 7’ represents the time as 
measured from the beginning of constant track- 
ing, we have 


T= _ = ga 


When the general theory of a system for an 





arbitrary beginning time is worked out, Ty’ may 
be determined by an auxiliary calculation. The 
advantage of this shift of the origin of time to 
the beginning of the first cycle is that it will 
often simplify the ensuing formulas by eliminat- 
ing a phase-shift term. Sometimes 79’ is of in- 
terest for itself, in that a certain event for which 
the control is motivated in the first place is 
made to occur at that moment. Even in cases 
where steady permanent control is desired, it 
might be that the system could be brought im- 
mediately to the steady state at that moment by 
a suitable impulsive process. 

If D: does oscillate in time we may wish to 
analyze its variation in each cycle independently. 
In such circumstances it will be convenient to 
start the time scale anew at the beginning of 
each cycle. The time so measured within each 
cycle will be denoted by the symbol ¢. 

Let us designate the maximum and minimum 
D in the n-th cycle (the deviation amplitudes) by 
D, and D,, respectively. Also let the period in 
the n-th cycle be represented by P,. Upon in- 
verting the expression for D, as a function of 
n, one may arrive at the 


number-amplitude function: n(D) 


giving the number of cycles required for the 
maximum deviation to fall and remain below D. 
The control characteristics of a system are per- 


| | 
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Fic. 3. Oscillations in a simple faithful robot under constant tracking. 
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Fic. 4. Time lag vs. maximum deviation amplitude. 


haps best exhibited by its 


n(D)—1 


2. oe 


n=) 


time-am plitude curves: T(D) = 
giving the time required up to the beginning of 
the cycle in which the maximum aplitude falls 
below D. These may be plotted for various values 
of the relevant parameters. 

The magnitude D,, after a steady state has 
been reached, will be finite or zero, depending on 
whether there is or is not a steady state of oscilla- 
tion. The number of cycles and time required to 
reach the steady state exactly, which we desig- 
nate 

number of transient cycles: n, 
and 


mz ~1 
transient lag, 7T,= > P.,, 


n=) 


respectively, may be finite or infinite. Combining 
this with the possibility of zero or finite oscilla- 
tion, we have the four main types of time- 
amplitude curves one may expect to encounter, 
sketched in Fig. 4. The functions should actually 
be represented as discrete, since the variables D 
and 7 take on discrete values but, for conveni- 
ence, we have drawn smooth curves through the 
points. 

Besides the D—T which set upper 
limits to the deviations after any particular time, 
we may be concerned to know what fraction of 
the time of any cycle the system spends with a 
deviation in the interval dD between D and 
D+dD. In other words, we should like to know 
the “distribution function’’ for the probability 
of finding the system in the neighborhood of any 
given deviation about the mean tracking posi- 


curves, 
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tion. Since it is proportional to the time spent 
within unit interval about D, this distribution 
function is inversely proportional to the time 
rate of change of D at that point. Thus letting 


V=0D /aT, 


and expressing it as a function V(D) of D, we 
may write: 
; 1 1 


1 
f(D)dD= —— + —— |dD, 
PL V(D) e V(D)\ 4 


where we have added together the time intervals 
for dD when the deviation is increasing and de- 
creasing, respectively, since both contribute to 
the probability of finding the system in dD. 
division by the period P is merely to insure 
normalization, 1.e., 


D 
f f(D)dD =1. 
D 


Because of the nature of oscillation (velocity 
zero at the amplitude limits) f(D) will be of a 
general U-shape as sketched in Fig. 5. Now it is 
difficult to characterize this curve in a general 
way. For practical purposes, however, it will be 
of primary interest to know what fraction of the 
time of any cycle the system spends within any 
small interval in the neighborhood of the mean 
steady-state position, i.e., we wish to give the 
value of the ordinate, f, of the distribution curve 
at the abscissa, D=0. This we shall designate the 


fidelity fraction, since multiplying it by any small 


deviation interval AD about D=0 gives an ap- 
proximation to the fractional time spent within 
that interval. Since the area under the total 
curve has been normalized to unity, it is clear 
that f is also represented by the shaded area in 
Fig. 5. An explicit formula for f in terms of the 
velocity V, at the beginning of the n-th cycle 
and the velocity V at the time a of the return 
passage through zero D is 
1 1 1 
f= wal 
Pn J n 
*** As pointed out by the referee, the quantity f here 
defined is more applicable to the first half of the cycle 
rather than to the total cycle. It is still, however, an 
approximate index of fidelity and may be taken as having 
certain advantages of simplicity. In any case, it had 


already been used in the treatment of the special cases 
given later. 
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B. Dynamical Equation of Robots with 
Usual Load 


Thus far our considerations have been quite 
general. But it is convenient here to limit our- 
selves to the very important common case where 
the sluggishness of the load or controlled system 
is governed mainly by inertia and frictional re- 
sistance so that the equation of motion of the 
robot may be written 


dv 
I-—+ Bv=m'(D') 
dT’ 
v= (1.02) 
at 7’=0, 
D’ =0,—% 


where J is the inertia of the load and the B its 
frictional resistance per unit velocity and, as is 
the nature of the robot, the applied force m’ is a 
function of the deviation D’. (In the case of a 
transmission robot, D’ must be taken as repre- 
senting the input deviation.) The subscript 6 in 
the initial condition equations represents the 
values of the indicated quantities at the begin- 
ning 7’=0. In terms of 6, the differential equa- 
tion may be written 


d*6 dé 
I—+ B— =m’ (0, —6) = mop’ (6, — 8) 
dT? dT 


where we have taken out a constant charac- 
teristic strength factor mo (which may be defined 
conveniently in any particular type of system) 
and have left the functional dependence in the 
dimensionless restoring force function yu’(6,— 86). 

Now, in developing the theory for this usual 
load case, it is convenient to choose new dimen- 
sionless measures of time, velocity, and force 
such that 


m’ B B B? 
=p’ —T=T Vv=w $=¢. 
Mo I Mo mol 


Therefore, 


B B B 
=r V=a,-—0=2 D'=A' (1.02’) 
I mo mol 
I dv dw 
= Ci., 


my dt dr 
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where 
K= mol / B?, 


Thus we are measuring all forces in fractions of 
the characteristic strength and all times in fractions 
of the time constant of the load when slowing down 
freely under no applied load; and we are measur- 
ing all velocities in fractions of the characteristic 
steady-state velocity of the load, i.e., its motion 
against friction when the constant characteristic 
strength of the motor is applied steadily. With 
these notations the basic robot equation (1.02) 
takes the form 


d*p do 


——+-— =y'[«(6,—$)], 
or? a ra ] 





or if we express the equation in terms of 
Ul 
A =%,-¢ 


we get 


+— 
dT’? dT’ 





d*A’— sd’ d? d 
2S hciniin 
dT’? dT’ 


This is the form which the fundamental operator 
equation (1.01) assumes in usual load systems. 

If we confine ourselves to the case of constant 
tracking beginning at T’=0, 


dy =w,T’ 


f co» 











Ve eee a 
ON mee ee ss cs es es es es es es 





Fic. 5. Distribution function for probability of finding 
deviation in any neighborhood. 
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raB_e II. Steady-state deviations and modified force functions for various types of robots. 


Restoring force 


Type of control deviation relation 
, 


Steady-state deviation 
, 


Modified restoring force function 


p’(d’) Ax 
Proportional kA’ = KA 
Quadratic A’ («A’)? at w,|)! +!) x«A+(\w,!)!!*—w, (+=6,) 
Cubic (x\’) te (xA\+w,')?—w, 
m-th power A’ | wd’ a," w, |" +i kAt!lw,)/"\"—w (+ =a, 
Exponential A'[etl*'1- 1] a," Inf1+ \w,| ] + [elst+in(t +l, — (1+ | wy \}) (+=6,) 
Hyperbolic sine sinh(«A’) sinh~'w, sinh (x\+sinh™'w,) —w, 

Wy| <1: w,' >! 


Hyperbolic tangent tanh(xA’) 








On-off zero-gap ew . 0 
On-off finite-gap — +6 
P ae i a 
a means “sign of a” or 
a 
and we have: 
d*A’ dd’ 
— +— =a, — p’(xd’)=—p 
dT’? dT’ 
(u’) A’=— 
(1.03) 
lat T’ =0, 
dd’ 
= w, — wy, = 1h, 
dT’ 


where k, w,, d», ws, & are then constants calculable 
in terms of the given data, and where we have 
introduced the symbol 


w=p' —w, 


for the modified force function, i.e., the restoring 
force measured from the level w, instead of zero. 

Now it is demonstrated in D.N.O.' that the 
final steady state in constant tracking of any 


710° 


1 
tanh"'w, or+~ 
an 


tanh(xA+tanh~'w,) — w, 


or+x Sas MS (+ =&,) 
— ———, : 
or +2 __ .' (+ —a@,) 





faithful robot is one of zero oscillation, and con- 
sists of a constant steady deviation given by 
setting the right-hand side of the differential 
equation (1.03) equal to zero: , 


wy — w’(xd’) =0 


1 
A,’ =—p’—"(w,) 

K 
where yw’! is the inverse function corresponding 
to w’. Applications of this result to various types 
of control are given in Table II. It is thus possible 
to simplify the system of equations of motion 
(1.03) by introducing the modified force function 
and expressing everything in terms of the modi- 
fied deviation A: 


u(xA) =u’ [ Kd’ ]—w, =u’ [«K(A+A,’) ]—w,. 
This shift of reference level of u is illustrated in 
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Fig. 3. If A becomes zero at some finite time, 7'9’, 
before the steady state is reached, i.e., in case 
of at least one oscillation, it is possible to sim- 
plify the equations a little further. Introducing 
the modified force function, and measuring the 
time in terms of T from the first zero of A, 
we have: 


ad’A dA 
—-+— = — p(x) 
dT? dT 
A=0 (1.04) 
dA at T =(, 
= Wy — Wy =o 
dT J 


where, if the solution to the problem for arbitrary 
beginning data is known, wo or Qo may be calcu- 
lated readily. Conversely, if one has the solution 
for general values of Qo as a parameter, one may 
determine the particular value required to fit 
the initial data 


A= — go — A,’ 


Q=% at T= —Ty. 


In general, if »’ is of any other functional form 
but linear, the differential equation is non-linear 
in that the right-hand side is a function of the 
dependent variable, and the solution of the sys- 
tem will require special devices in various cases. 
We shall discuss this question in D.N.O.' and 
in a subsequent paper*, but for the present we 
confine ourselves to noting that, once the problem 
is solved, all the control characterizing concepts 
defined above may be found, translated, of course, 
in dimensionless terms. These are listed for refer- 
ence in Table III. All these quantities generally 
depend, of course, on the parameters «, wo, and 
w, as well as the indicated arguments. 

The visualization of the motion is facilitated 
if it is represented on a diagram on which Q is 
plotted as ordinate against A as abscissa. This 
gives the “path curve” in the “state plane’’ (or 
‘phase space”’) of our damped non-linear oscilla- 
tor. The differential equation governing the path 
of the representative point in the state plane 
follows from a simple rearrangement of (1.04) 


dQ u(xd) 


(1.04’) 
da Q 


?“Theory of on-off and relay control systems,” J. App. 
Phys. (To be published.) 
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if i 1 
fa= 2 fa.) art] 


with the same initial conditions. The time is now 
merely a parameter tracing the representative 
point as it moves along the path curve. 

It will be shown in D.N.O.' that for every 
faithful robot the path curve is a continuous 
right-handed (clockwise) spiral closing in on the 
point A,’ which lies on the A axis. This spiral 
may be bounded between two comparison spirals 
beginning at the same initial point and made 
up of successive pieces of linear oscillator spirals 
with certain frequencies which may be worked 
out in each case. In this way follow immediately 
criteria for oscillation and overdamping, and the 
possible existence of any finite number of oscilla- 
tions in the transient state of non-linear oscilla- 
tors. Upper and lower bounds to the number of 
oscillations and times required for the deviation 
to fall to any desired value may then be set. 


C. Optimum Performance Curves 


If after solving the constant tracking case as 
represented in (1.04) for any particular system, 
and finding for instance 


A(T, xk, Qo, wy) 
and 
fs(T, K, Qo, Wy), 


we return to the ordinary measures of time and 


TaB_e III. Control characterizing concepts translated in 
dimensionless terms. 


An’ mean steady-state deviation from 
guide position 

A deviation from mean steady-state 
deviation 

To time when A first becomes zero 


after the beginning of constant 
tracking 


Aw maximum value of A in n-th cycle 

An minimum value of A in n-th cycle 

Tr period of oscillation in n-th cycle 

n(A) number-amplitude function 

A(T) amplitude-time function 

flies number of transient cycles re- 
quired to reach the steady state 

Tv transient lag, i.e., time required 


to reach the steady state 
fidelity fraction, i.e., approximate 
fractional time per cycle spent 
within unit A interval about 
steady-state deviation 


= xf 








position, we may write 


_ mol sB mol 
(D) D= a(—r. , 
B? I B* 

B B 


Vo, ts). ( 1.05) 
Mo Mo 


B B 
Vo, t). (1.06) 


Mo Mo 


It is interesting to investigate the dependence of 
D upon the various system parameters. We shall 
illustrate by considering the dependence upon 
the friction coefficient B, whose influence on the 
times required for reducing D and for increasing 
f may be considerable. It is then important 
practically to determine (with a given time) for 
what value of B, D is a minimum, and for what 
value f is a maximum. We shall designate these 
two values (or sets of values) by the symbols 
Buin and Byax, respectively. 

Consider first the determination of B,,i,: This 
is obtained from the conditions 


aD aD 
— =()- 


— >0. 
0B oB? 


PS fh fom 
Sete Pelt 


—t 


3 
mi Ci-wvg? Smin 





10 
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Fic. 6. Optimum performance curves for minimum 
deviation and maximum fidelity—proportional robot in 
constant tracking. 
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In general this value of Bin will depend on the 
time as well as the parameters, and to every 
time there will be associated a minimizing value 
Byin. The value of D associated with Byin may 
be obtained by substituting into Eq. (1.06). 
Dyin and Byin as ordinates may both be plotted 
against the associated time 7. Examples of such 
curves for proportional and on-off control robots 
obtained from the mathematical analysis in Part 
11 and a subsequent paper are given in Figs. 6, 
7, and 8. The curves are approximate only, and 
valid under the conditions for short period os- 
cillations, i.e., for low damping B relative to 
motor strength mo. It is further shown in the 
mathematical analysis that real minimum values 
of Duin, and maximum values of fmax, May be 
obtained only for certain ranges of B and T. 
These ranges are diagrammed in Fig. 9. For 
generality the ranges of negative B and T are 
also given. 

The actual value of 7, and therefore Byjin, to 
be chosen depends of course on the requirements 
of the situation. In many cases (D,=0) it will 
be found that Dyin may be made as small as 
desired by choosing a sufficiently large 7. But 
generally we do not wish this time to be unduly 
long. The most practical procedure to be fol- 
lowed for systems with adjustable B is then 
probably this: 


For a given power source mo, load inertia I, 
constant velocity of tracking v,, and initial load 
velocity vo, if we designate a deviation amplitude 
which is not to be exceeded, we determine a point 
on the (Dmin—T) curve. By making the friction 
coefficient in the system have the value Byyin associ- 
ated with the abscissa of this point, we ensure that 
the desired diminution in D will occur in the 
shortest possible time. This time is given by the 
common abscissa.t 


+ The formal proof that the conditions for 
D minimum with respect to B at constant T 
are entirely equivalent to those for 
T minimum with respect to B at constant D 


is easy. It follows immediately from the expression 


D-D(B, T)=0 


(-") a (aD OB)r, 
OB/ jh (aD OT )g 
and from this the desired conclusion may be drawn except 


in the case where the denominator on the right-hand side 
also vanishes (i.e., in the steady state). 


that 
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As indicated above, just as one may seek to 
find an optimum value of B for minimizing the 
deviation, one may instead determine a B,,ax to 
maximize the fidelity fraction. Bysx is deter- 
mined to satisfy the conditions 


af/aB=0; 3f/dB?<0. 


Plots of finax and Byax Curves analogous to the 


Dyin and Byin Curves may be made and the fol- 
lowing prescription carried out: 


For a given power source my, load inertia I, 
constant velocity of tracking v,, and initial velocity 
vo, if we designate a fidelity fraction which is to be 
exceeded, we determine a point on the finax curve. 
By making the friction coefficient in the system 
have the value Byax associated with the abscissa of 
this point, we ensure that the desired increase in f 
will occur in the shortest possible time. This time 
is given by the abscissa. 


Such curves as Dyin—Bmin and finax—Bmax May 
conveniently be referred to as curves for optimum 
performance. 

We may define the sensitivity of a maximum or 
minimum as the relative change in the ordinate for 
a unit change in the abscissa away from the ex- 
tremum. It is proposed that this is a fairly 





$7- $247 — 


Fic. 7. Optimum performance curves for minimum 
deviation and maximum fidelity—on-off robot in constant 
tracking. 
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Fic. 8. Optimum performance curves on a semi-logarithmic 
plot—on-off robot in constant tracking. 


relevant criterion in most cases where the local 
importance of a maximum or minimum is to be 
estimated. With application to the functions 


D(B) and f(B) this yields 


1 #&D 1 af} 


Sunte _ | max => 


Date 0B Brin 


fmax 0B?| Brox 


where in each case the second derivative is 
evaluated at the extremum, i.e., where the first 
derivative vanishes. Once the extremum prob- 
lems have been solved, plots of Sin and Sax 
similar to those described for Dyin and fmax May 
of course be made. 

So far, in the interest of clarity we have de- 
scribed the curves for optimum performance in 
general without specifying the restrictions which 
may be placed, by dimensional considerations, 
on the manner of occurrence of the various 
parameters. But it may be of considerable prac- 
tical value to determine in general upon what in- 
volvements of the parameters the optimum per- 
formance curves depend. Various minimal sets of 
such variables may be found, with differing 
advantages. 

Here we shall make a particular choice which 
brings out clearly the dependence on B: If the 
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abbreviations It is clear from the definitions (1.07) of T, E, 


moT Iv,? Se and s that they in no way involve B. The func- 
—=swYF —sE i——zs (1.07) tions in (D’) and (f’) depend on B only through 
vol my Vy 
. . . . a B 
are introduced, it is readily seen that (1.05) and w,=—?,. 
(1.06) may be rewritten mo 


(D’) D= a(ar — w.) (1.08) lherefore all extremalizing values of B may be 
wy” 














« obtained by setting 
wy? E aD af 
(f’) f= fa( wt, » WS, w.), (1.09) —=(, ——=0. 
E w," dw, Ow, 
avsl 
_ oe < u S 2 S ul S = S ul comoudly 
4 < Beis < @0 !-co < Bain < 0 ~ fa < a 
Lu s! 
-00 < Bae < re) < i *< ox > Ga > @ 
ae < T < g < T ~ _@ 
“Vy < Bras < 9 < Bras < Vs 
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ON-OFF ROBOTS 
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PROPORTIONAL ROBOTS 


Fic. 9. Domain of real Dmin and fmax With associated ranges of the time and the friction coefficient. 
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These equations yield 


(wy) min (etePwen 


Duin ; a 


and the sensitivities, etc., solely in terms of the 
quantities 
TT 2s 


and no others. Thus for any simple robot the 
optimum performance curves depend upon the time 
and physical parameters only in the three combina- 
tions defined in (1.07). When quantities are ex- 
pressed in terms of 7, E, and s, we shall say that 
they are “in TEs measure.”’ 

We shall now illustrate the use of the optimum 
performance curves by a practical example. 
Consider a system with the following parameters: 


motor strength my= 1 kw. = 10" erg /sec. 
inertia IT=1000 kg = 10° g 

guide velocity v, = 3.6 km/hr. = 100 cm/sec. 
initial load velocity vp= 1.8 km/hr. = 50 cm/sec. 
E=1 s=}. 


Suppose we wish to determine the optimum 
conditions for the deviation amplitude not to 
exceed 0.45 cm, i.e., 


Dain 
—_— =0.9. 
(E)'s 


We find from Fig. 6 for proportional robots: 


Ix} e f' 
T’ =0.86 t=( - ) (- + ) =0.0015 sec. 
mo x 2 


@,’=0.57 B=28X10° dynes per cm/sec. 


= 28.6 kg per cm, sec. 
(E)*#sfmax =1.11 | = =0.707 cm“. 


Thus the optimal friction coefficient is such as 
to produce a drag of about 29 kg for a velocity 
1 cm/sec. After 15 ten thousandths of a second 
the deviation amplitude will have fallen below 
0.45 cm. To use the fidelity fraction, we consider 
the sample question: What fraction of a cycle 
does the system spend within a deviation equal 
to } the deviation amplitude, i.e., within 0.09 
cm of the correct position? The answer is 
0.707 X 2 X0.09 =0.127—~§ of a cycle. 

When we now consider an on-off robot with 
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the same parameters we find we can no longer 
choose the minimizing deviation at 0.45 cm, since 
this already exceeds the upper limit for which 
Dyin is real. In fact we have a real minimum only 
when 

‘ I (vg —v0)? 

Dentin < sais opts = ().125 cm 

2mpo 


in this case. Taking Din equal to } its value in 





the preceding example, i.e., at 0.1125 cm, we find 
2Dynin 
—— =0.9, 
Es? 
for which Fig. 7 yields: 
27 =1.53 T =0.023 sec. 


wy=0.35 Byin=35.7 kg per cm/sec. 
@,=0.54 Buax=55 kg per cm/sec. 
Es* fax =90.81  fimax = 3.24 cm. 


The fidelity fraction in this case yields the result 
that the system will probably spend a fraction 
0.1125 
3.24 X 2x ——— = 0.146 of a cycle 
5 
within a deviation equal to } the amplitude about 
the correct position. 


PART II. THEORY OF SIMPLE ROBOTS WITH 
PROPORTIONAL CONTROL 


A. Complete Solutions as Functions of Time 
Optimum Performance Curves 


We shall now consider a particular type of 
control for which detailed analytical and graphi- 
cal solutions will be given. This is the case of the 
simple robot with proportional control in which 
the restoring force is linearly proportional to 
the deviation, i.e., 


m= my(6,— 6). 


The basic equation for the robot with usual 
load may then be written 





do sd 
I——+B—=m,(0,—6) 
dT dT" 
0=6, 
(11.01) 
d@ at T’=0. 
bee 
dT’ 
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Introducing the dimensionless measures given 
by (1.02’) and taking the case of constant track- 
ing, we have 








aa’ dd’ 
+ —-+«A’'=w, 
dT” dT’ 
A’ =A,’ = — dp 
, (11.02) 
dd’ ‘at T’=0. 
= Wy — wy = 8% | 
dT’ J 
Upon integration of (11.02) we get: 
Wy nf sinve( T’ — Ty’) 
A! =—+ (ds-+w,/«)e-T’/2—_———__ (11.02’) 
K SinveT 
with 
if 1 
Ty =—| r-sin™! | 
m | [1+(—2z vo)? }} 





if Vo 
=-- r—tan-H( )| 
Vol on 
1lf7 Sb 
--| —tan~* | 
Vo 2 Vo 








where we have introduced the convenient 
abbreviations 
0, [ w-w% 
° — 1 .  — one: 1 
ab 2 2 


- dotuy, K 
(11.03) 
(4moI — B?)} 


2B 


Ill 


vo=(x—})} 


It is clear that the mean steady-state deviation 
in this type of system with proportional control 
is then 

Wy B 


, , 
A.’ =— D,'=—1, 
K Mo 


and is just the deflection which evokes the restoring 
force required to drag the system along against 
friction at the velocity v,. This is of course only a 
special case of the general result for A,’ de- 
scribed in the preceding section. For the time 
dependent deviation from A,’ there are three 
cases: 
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Case I: vo? >0. Oscillatory Approach to 
Steady State 


sin vol : a — ro’) 





A= (d+, /x)eT'” 
sin veTe 


As v» approaches 0, To’ may be represented ap- 
proximately by 


r 1. 
Ty’™~—+ if a<0, 
Vo ob 
1 
TT) =~— if ZS >O0. 


The deviation amplitude in the steady state 
A, is zero, and the number of transient cycles 
n, and time T, required to reach the steady 
state are both infinite. 


Case II: vy? =0. Critically Damped Approach 
to Steady State 


ad 
A=(d+a,/ Ke rn(—-1) 


Zh <Q, 


where 


Zp, > 0. 


Thus we see that the number of cycles n, before 
the asymptotically approached steady state is 
either 0 or 3, depending on whether 2, is less 
than or greater than zero. In the latter case A 
becomes zero once at To’, and overshoots the 
mark, later subsiding asymptotically to zero 
again. Examining the structure of 2, we see that 
this occurs under the following sets of cir- 
cumstances: , 


I/B sufficiently large 
v,—v» sufficiently large 
6, small, mo/Bv, sufficiently large. 


Case III: vy? <0. Overdamped A pproach 
to Steady State 


‘“ sinh Vo (T’—Ty’) 
A=(do+w,/x)e~T'/*- 





sinh | Vo| 7! 
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where real Ty’ in the various cases, together with an 
1 1 analysis, by means of the unit circle in the trig- 
Te =—— anh-'"— a onometric plane, of the limits approached, is 
am @ Dias ; 4 . . rt. y 
vo L(—2/v0)?—1] given in Table IV. 
. 1 Yo For fixed 2, >0, it is clear from the nature of 
=— - tanh~'—— the function (1/x) tanh~'x that To’ has its mini- 
p- vo ~ “6 mum value at vo=0, i.e., for critical damping. 
Zot | vo| |t/2iv0l Thus, if the objective is to attain To’ as quickly as 
=In|- possible, we shall certainly strive to keep the damp- 
\Zo— | ° eh 
ee ing below the critical value. 
It appears that To’ has a real positive finite value : . pas oe to the pee nse of the ampli- 
only for 2,> | vo!. Thus the smallest possible real ‘U¢e time dependence in the various cases. hn 
. > > y = ~~ ‘— 2 y 
values of To’ and.the number n, of transient —— S couil CHCURTARCES OPE those in whic! 
cycles during the approach to the steady state t were anaes as . in Case I, or when there is 
of zero deviation are governed by the rule OVETEROG i are I and I. 
te Case |: If we shift to the time scale 
es To finite nm.=} if >| vo! , ? 
lv T, = - an Na =O if Zo< Vo\- vee —To 
ae ‘“ ‘ sinveT 
This is to be compared with the corresponding A = (dy+w,/x)em(T+Te’)/2@__ 
oe ° . . ° ’ 
condition in Case Il: A schedule of the possible sinvoT o 
TABLE IV. Smallest real To’ as a function of vo and = for the proportional robot. 
—vo" 
vo Real: oscillation vo zero zero | vo vo Imaginary: 
—T vo [ | overdamping 
To = x —tan“'— | =— oe . 
vo —2 vo Critical damping 
if 22> | v0! : 
i im . 1 | vo! 
To’ =— T,’ =— To’ = tanh“ 
2b Sb vo 2b 
zc» plus “e if zo< | vo! : 
x 
re 
ae ie rs 
1s lo ~~ “3 
sd =m/2vo x 
A c, zero _ x ma ea 
he 
ro | 
at 
=b 
ir- 
Sp Zero To =r 2vo Bd — x oa 
2vy 
Yat ‘onl 
“o\ 
cp minus --°" \ i . 7 
XG Vo 
z», can be plus or minus. 
v can be real or imaginary. 
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we may represent the beginning of each cycle by 


2nn 
T.= (n=0, 1, 2, ---) 


Vo 
and the middle (node) by 


(2n+-1)x 7 
7. .\= e _ 7. + 


Vu Vu 


The times when the maximum and minimum 
deviations occur in the cycle are found by ex- 
amining the zeros of the velocity 





dQ dytw,/k 
Q=—= e-(T+To’)/2 
dT Sin voT 0 
X [—$ sinveT + vo cosmoT } 
to be 
i 1 
T, =T,+— tan '2yo 
Vo 
1 7 
T,=T,.+— tan~'2v9+—. 
Vo Vo 
In particular . 
; 1 
T,= " tan 12. 
Vo 


The maximum amplitude of deviation in the 
n-th cycle, or the amplitude-time function, is 
then: 


An = Age ™?, 


where Ao, the maximum deviation amplitude in 
the first cycle, is 











sinvoT o 
Be = (dow, / xe Pet Fe")/2 —__—.., 
sin veT o’ 
But 
1 : Vo 
TotTo =—| r—tan +tan 2n| 
Vol — Zh 
if Zo+1 
=— rtan-"( »— )| 
Vol —2,+2p," 
and 
sinkeT » (—* ) 
sin veT o 1+(1 20)? 
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so that 


vo" +20" ; 
Ao = (do+w9/ k) sg ) 
vo?+} 


1 22,+1 
Xexp— —| r—tan~'{ vo meee BE, 
2 Vy =>. + 2 vo 


Case Il, »>0: The time when the maximum 
deviation amplitude occurs is here given by 





1 
T’=T,+2= —+?2, 


oe 
#b 


T=2 or 
and the associated maximum deviation ampli- 
tude is 

A = 221(o,+w,/ xe (bth/220), 


Case 111, > vo| : With respect to the shifted 
time scale, A may here be written: 





Z2o— | Vo U/4l% 
A=(dptw, Kx)((2» nyo | 
Zo+ | vo 


e~T? sinh! vo, T. 


The time when the maximum amplitude of 
overshoot is reached is found by examining the 
zero of dA/dT’, to be 





T =— tanh~!2) »»| =In] —— 
Vo 1-—2 Vo 


142| } 2Ir0 


which, upon insertion into the expression for A, 
vields the maximum amplitude 


2? — | vo|*\? 
A= (do tw, o/( vias 
1 2 
| fae 
1 —_ 2 Vo 1/4] vo 
x ; 
1+2 Vo 
It is clear from the above expressions that in 


order that there shall actually be finite real values 
for T and A, it is also necessary that 





Zpb— | Vo 


Zo+ Vo 





vo| <4} (vo pure imaginary). 
But this is merely the condition that 
mol 


k= >0 
RB? 
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li- 


ed 


PS 


Ss 





i.c., in order that the time and amplitude of over- 
shoot may not increase indefinitely it is necessary 
that the restoring force factor be positive. This re- 
quirement is otherwise obvious on_ physical 
grounds. 

We shall now determine the fidelity fraction 
for Case 1, which is the only case in which the 
concept has much interest. The expression for 
Q given above may be rewritten 


Q(T) = — Agvo( 1+ (25/ v0)?) be (T+ Te”? 2cosvoT 
—3A(T), 
and if we evaluate this at T=T, and T=T,,4,, 
we find 
()( Tas = voA,e'? 2/ 1 +1 4y,")} 


1 _— 
= vo CXp— tan '2yo(1 +1 4yy")2A,, 
2% 


Q(T 45) = —Q(T, )en*!2”, 


Inserting these expressions into the formulas for 


fx, and remembering that the period 7, is given 


by the constant 27/9, we have 


1 1 1 
fs = exp—- tan~!2vo(1+e7/?”) 
2r 2 


An(1+1 /4092)} 


Thus, except for a constant factor, the fidelity 


fraction varies inversely with the deviation ampli- 


tude. 

In ordinary dimensional and TEs measure (see 
definitions (1.11) Section (C) Part I) the ampli- 
tude-time function may be written. 

D = Dye-8!2)7T = Dye “oT 


and the fidelity fraction is: 


f= foeBi2DT = fyeo!® T 


= Vo" +20’ 
Do= (a+ »)(~ ) 
ty vot} 
22o+1 
xX exp— ~|. —tan (« aaa —)| 
2% —2,+ 20" 


1 1 
fo=— exp—— tan“ 
2r 2¥ 





1 





XK 2vo(1+e7 2¥0) — 
Do(A+1 4y,” yi 
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For simplicity we shall set 6,=0 in the fol- 
lowing analysis. The definitions (1.03) may then 
be written in TEs measure 


E b 
n=( -1) 
Wy" 


Es 
Sp = — 3 =8(vi? +1) — 


Wy” 


(11.04) 


The argument of the arc-tangent in the ex- 
ponent of Do then takes the form 


22o+1 2s(vo? +1) 


CE = re — 


29" — 2p v2(2—s)—s+} 


We shall examine in detail only the approxima- 
tion vo> > 1 corresponding to short period oscil- 
lations, or low damping B relative to the square 
root of the product of motor strength my by 
inertia J. For this limit the arc-tangent ap- 
proaches 7/2 and we may write 


Dyp~eoy(1 +5209?) 8e- 400 


or, making use of the fact that in this ap- 
proximation 
(E)? 
en 
Wy 
we may write 


" T T 
D= (ay?+ Bs?) exp — ( + Je 
4(E)' 2 


“((Z) 0-3) 


nB 
xexp(-=r- — 
2 = 4(mol)! 


We pause here for a moment to draw some 
general conclusions. It is clear from the expres- 
sion that the deviation amplitude at any given time 
will be smaller the smaller the guide velocity v, and 
its difference from the initial velocity of the system 
vo, the smaller the inertia of the load I, and the 
greater the strength of the power source my (above 
the maximizing value mo* = 8(J)'/#B). As men- 
tioned before, the inertia of the load, the strength 
of the power source, etc., will often be fixed by 
other considerations. The most controllable fac- 
tor is likely to be the friction coefficient B as 
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contained in the parameter w,. We now proceed 
to determine for what values of w,, D is a mini- 
mum, the value of this minimum, and its sensi- 
tivity (defined in the introduction). 

It will be convenient to 


introduce the ab- 


breviations 


T 
T'=(E)!s( 1+ =) 
2(E)! 


Wy B Vy 
Wy = 


(E)'s (mol)' vg —vo 





as measures of the time and guide velocity in 
this case. With these notations we may write 


D =(E)'s(1+,"2) 'e~e’ aT" 


From the formula for D we find, consecutively, 


aD a wy’ , ies 
4] 





dw,’ l+w,’? 2 
@’#D 1/0D\? _1-w4,” 
eR bal re 
dw,’* D\dw,’ 1+w,"" 
Thus 
1—(1-— 772)! 2w,’ 
(Wy) min =Wy = _— wy? =- eee 
T’ T’ 
27" 


P wy’ \! 
Die =(B)'s( = =) é (w9" 2) 
il 
1 &D sdw,'\? 
Sento =—_—_— --( ) 
Dinin dw,” dB 


1 T’ 
-—_____(—-1) > 
mol (1 —v9 v,)* wy’ 


where we have indicated the necessary condition 
that the extreme value represent a minimum by 
the inequality on S. 

In the neighborhood of T’=0 we have 
T’ 


(wy’) min 


Dynin 


™ —_—_-~we-(T"12)* 


(E)'s 


(11.05) 


mol (1 —UVo V,)*Smin—~1 ’ 
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and in the neighborhood of T’ =1 


dw,’ 
w,’—1 —x (cusp) 
dT’ 
Dain (11.06) 
—(2)'e-?'~0.85 
(E)*s 


Sun in —A). 


This limiting behavior, as well as the variation 
throughout the interval, is exhibited in Fig. 2, 
where wy’, Dmin/(E)'s, and, mol(1—v0/v,)? Swin 
are all plotted as functions of the time variable 
T’. Beyond T’ = 1 there is no real minimum for D. 
In similar fashion to the above we may carry 
out the analysis for the fidelity fraction. We find 
T T 
cosh—-—w, cosh 

f 1 4(E)' 1 

ee — ’ 


7 , 
SWy 





T Dy T Dy 
so that 
7 
cosh—sw,’ 
1 
- D 


Making use of the preceding analysis of D, we 
find 


of Ws WSs Wy 7’ 
-4" tanh—a, ————_ + 
Ow,’ 4 4 l+w,’? 2 


o7f ‘( of ) 
du,’ f Ow,’ 


” 9 


TS\* TS 1—w, ° 
+4 ( ) sech?- »/-——| 
4 4 t+w,” 


lf we set 


(11.07) 


mS 
. w, ~0 

4 

corresponding to the inequality E>>w,*, we 
may rewrite these expressions in the simplified 
form 


l+w,’? 2 

af i1/so0f \? “{ms\? 1—w,”? 
PHY of) 2 
dw,’? f\dw,’ 4 1+w,’? 
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Jw,’ 








From these we may deduce that to this ap- 
proximation (wWy’)max 75 equal to (w,’)min. Thus 








, 1-(1- 7") 
(Wy — = Wy gt 
1 1 7’ be(wg’/2)T" 
Suu = =—=——(—) 
Dyin (FE) mn) 2wy 
ws? T’ 
mol ( 1 — oP ¥.)* Sinan = + 1 Ps <0. 

16 w,’ 


r(E)'s fax is also plotted in Fig. 6. We note that 
the only difference in the conditions determining 
fimax and Dyin here is that the maximizing condi- 
tion holds in a more restricted range, i.e., 

w,’ 1 

ron te sisiinancin, 

T’ 1+(ms/4)? 


which, together with the preceding equations, 
determines the following inequalities for the 
domain in which f is still maximized 


1 —7*s?/16\? 1 — 7s? /16\? 
-( ) <u,'<( : ) 
1+ 7°s*, 16 1+7°s* 16 
~[(1 + x's? /16)(1—x%s?/16) }}< 7" 


<[(1+22s?/16)(1 —22s2/16) ]} 


I 1 
Ty SSruex <—[3( 1 + 7s? 16) Jieh(t— 8787/16), 
(E)*xs (E)!xs 


The formulas given here and above are the base 
for the general summary diagram (Fig. 9) at the 
end of the Part | indicating the domains of the 
variables in which we get real extrema for Dyin 
and fmax- 


B. PATH CURVES IN THE POSITION-VELOCITY 
PLANE 


For future use’? we shall now work out the 
result of eliminating the time between the ex- 
pression (11.02’) and its time derivative Q=dA’ 
dr which satisfies the relation 
Q+ $(A’ —~—Wy k) = vo( Ar’ — wy kK) 


cosvo(T’ — To’) 


er (11.02’’) 


sin voT o 


Making the substitutions (which correspond to 
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an “‘affine’”’ transformation in the Q—A plane) 
y=2+}3(A’—w,/x), 


with some rearrangement we may write (11.02’) 


and (11.02”): 


‘ P 
A=A —a,/k 


yvA=— ((voAn)? + yo") te T’/2 sin vo(T’ —_ To), 
y = —((voAs)? +2) !e-T'!? cosvyo(T’ — To’), 


from which we may find 


1 vod 1 B24 Zh 
T’=Ty +— tan-'— =—] tan-'——tan“'— ], 
Vo y Vo Vo Vo 
where we have introduced the ‘‘clock-hand 
variable” 
s= —y/A=—(Q/A+}). 
Thus 


(vA)? +y’ = [ ( vos) . + yu? ] 


1 Zz Zo 
Xexp— —| tan- t_._— tan- “| (11.08) 


Vo Vo Vo 


which becomes in polar coordinates the equation 
of a right-handed (clockwise) equiangular spiral 


p= pre ‘¥—¥)/2¥0 
with 


radius vector p=((voA)?+y")! 
(clockwise) angle y=tan~'(z/ vo). 


Thus, in the case of underdamping (Case 1) 
the ‘‘path’’ of the linear robot in the phase-plane 
(Q—A’ plane) is an affine distortion of a right- 
handed logarithmic spiral with center at w,/x (or 
A=0). For the further analysis it is desirable to 
elucidate the meaning of what we have called 
the ‘‘clock-hand variable’ z. We note that, in 
the 2—A plane, the successive values of z corre- 
spond to straight lines through the origin ar- 
ranged in clockwise increasing order. 2, which 
equals the 
negative slope — 4 

of these lines, goes from — x to + twice in 
making one complete circuit; once in going from 
the +2 axis to the —Q axis, and a second time 


in going from the —@ axis back to the + axis. 
The zero of z is not the A axis but rather the line 


2/A=—} 
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In the case of overdamping <0 (Case III) 
we may write vy=7, v9, and our basic Eq. (11.08) 
goes over to the form 





y°=— | Vo 2A? = (yp” nell 2A,") 
25— | Vo st+ Vo N/2\ v9 
x |- — — (11.08’) 
Zot | vo! Z— | vo 


We see that all the curves beginning in the region 
2o< — | Vo 
portion of the plane) go in to zero touching along 
the line z= — vo 
region 2>j|vo, (i.e., right-lower or left-upper 
portion of the plane) overshoot A=0, crossing 
the A axis at the points 


(i.e., the right-upper or left-lower 


All curves beginning in the 


Zp | Vo 1/4] v9 
Q = +[ yx? — | vo | 24,7 }} ——— 
2+ Vo 
Finally all curves beginning in the intermediate 
region 
— | vo| <2n< | vo 


move counter-clockwise into the origin, touching 
the like all 


trapolated backward 


If ex- 
z fixed, a shifting) these 


line s=— | % the others. 
| 
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lines are all asymptotically parallel to the line 
2= | vo. 

In the case of critical damping v»p=0 (Case 
11), the equation of the path-curve takes the 
form 


y?=(Q+A 2)? =(Q4+A,/2)2%e"2-/*, (11.08"") 


and the intermediate region of Case III has 
shrunk down to the line y=0 or Q= —A/2. 

It is interesting and important to note that 
if one takes the limit of (11.08’) as the restoring 
force constant x0 and» 3, one obtains in 


the limit 


Q) = Q,, 


which is definitely not the general solution in 
this case.? This situation, where the limit of the 
solution when a coefficient approaches zero is not 
the same as the solution when the coefficient 
is zero, seems to be not uncommon in differential 
equations. Knowing that it occurs, one must 
then make special examination of the case at 
the limit. This case is contained in the analysis 
in the succeeding paper dealing with on-off 
systems. 
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Computation of the Solutions of (1+2« cos2z)y’’ +6y =0; 
Frequency Modulation Functions 


N. W. McLacHLan 
London, England 


(Received January 9, 1947) 


This equation pertains to a loss-free frequency modulation circuit. Floquet's theory is applied 
to obtain stable solutions when 6, ¢ are outside the range of the approximation solution given by 
Carson in 1922. A method is described by means of which solutions may be computed to any 
degree of accuracy. The necessary formulae associated with the solution are derived, and 
convergence is discussed. A numerical example, illustrating the procedure to be followed, is 
worked out in detail. An appropriate normalization of the solutions is suggested in order to 
obtain standard frequency modulation functions. It is shown how the analysis may be ex- 


tended to cover the case of the equation 


@’Q/dt??+(R/L)(dQ/dt)+[Q/LCo(1+2¢ cos2wit) ]=0, 


which applies to a frequency modulation circuit having constant resistance R. 


1. INTRODUCTION 


HIS equation occurs in the theory of a 

method used for transmitting signal char- 
acters in radio broadcasting. The method is 
known as frequency modulation, and it is also 
the basis of the warble tone employed to reduce 
standing wave effects in acoustical test rooms. 
In the circuit shown schematically in Fig. 1A, 
the capacitance C is a periodic function of the 
time ¢, being represented by the formula C 
= Co(1+2¢€ cos2wit), where Co and ¢€ are parame- 
ters with (¢« <0.5. If Q is the quantity of 
electricity on the capacitance at any instant, 
the differential equation for the circuit is 


(Q/d?)+Q/LCo(1+2€ cos2w;t) =0. (1) 


By writing wo? =1/LCo, 0= (wo/w1)?, wo =2, v=Q, 
(1) becomes 


d*y/d2*+ 6y/(1+2¢€ cos2z) =0. (2) 


k:xpressed in this way, we see that if |e} 20.5, 
(1+2¢ cos2z) and, therefore, 6/(1 
+2¢€cos2z) has corresponding infinities. These 
are avoided by imposing the restriction | «| <0.5. 
In radio broadcasting |€| <<<0.5, and to an 
adequate approximation (2) may be written 


has zeros, 


y’’+(a—2q cos2z)y =0, (3) 


where a=86, and g=6e. Then (3) is the canonical 
form of Mathieu's differential equation. When 
(a), a is very large and positive, (b) a>>>q>0, 
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an approximate solution of (3) is given by 


y=C D> J,(q/2a') cos{(a'—2r)z—y ], (4) 


=C > J,(woe/2w1) cos[ (wo—2rwi)t—y], (5) 


C and y being arbitrary constants. This form of 
solution was obtained by Carson in 1922.! 
Typical values of the various parameters in 
radio frequency modulation are: fy=wo/2r=5 
X10? ¢.p.s., fi=wi/247=5X10* c.p.s., foe =woe/ 
2x, =Af=Aw/2r=10' c.p.s., this being the fre- 
quency deviation on either side of the central 
frequency fo. Thus «=2X10~, so in (2) it is 
justifiable to take (1+2¢€ cos2z)-'™(1 — 2€ cos2z). 
We also have a=0=(fo/f:)?=10°, and q=@e 
=2x10', so the conditions for (4) to be an 
approximate solution of (3) are satisfied. The 
values of the parameters for the acoustical 
warble tone do not always satisfy these condi- 
tions, and we have then to solve the equation 
(1+2¢€ cos2z)y’’ + dy =0 (6) 
without using the above approximation. In 
succeeding sections it is shown how this may be 
accomplished to any desired degree of accuracy. 
2. THEORETICAL CONSIDERATIONS 
Since the coefficient of y’’ in (6) Section 1 is 
single-valued and periodic in z, that of y being 


1y. R. Carson, ‘‘Notes on the theory of frequency 
modulation,’ Proc. I1.R.E. 10, 62 (1922). 


723 








(A) 




















L 2eCcesaw,t 
7 E iain, 
aK 
L Cc. 
Ri TAZ 2Geosawt (8) 





(c) 


Fic. 1. (A) Schematic representation of loss-free oscil- 
latory circuit with periodically variable capacitance 
C= Co(1+ 2 cos2w,t). (B) As at (A) but the circuit loosely 
coupled by Lz to a second circuit. (C) As at (A) but the 
circuit having constant resistance R. 


constant, Floquet’s theory may be applied.’ 
Thus the solutions are either stable, unstable, 
or neutral, according to the values of @ and e. 
For present purposes we shall consider stable 
solutions. Thus linearly independent formal 
solutions are* 


yi(z) => co, cos(2r+ p)z, (1) 
and 
yo(z) => co, sin(2r+ p)z, (2) 


provided the point (6, €) lies in certain regions 
of the (6, €) plane defined below, and 0<p<1. 
For other regions of the plane, the solutions take 
the forms 


yi(z) => co-41 cos(2r7+1+p)z, (3) 
and 
yo(z) =D Corg1 Sin(2r-+1+p)z. (4) 


These forms will be comprehended readily by 
reference to McLachlan,’ Chapter 4, in which 
there are stability charts for Mathieu's equation 
(3) Section 1. In these the (a, g) plane is mapped 
out into regions where the solutions are (a) 
stable, (b) unstable. A similar chart may be 
drawn for Eq. (6) Section 1, but in this case 
although @ is unlimited, € is restricted to the 


2G. Floquet, ‘‘Sur les equations differentielles lineares,”’ 
Ann. de l'Ecole Normale Superieure, 12, 47 (1883). 

*N. W. McLachlan, Theory and A pplication of Mathieu 
Functions (Oxford Press, New York, 1947). 


724 


strip |e! <0.5, as illustrated in Fig. 2. The values 
of (@, €) in which we are interested, lie within the 
stable regions, being on the iso-p curves. The 
full-line curves correspond to the characteristic 
curves for solutions of Mathieu’s equation of 
positive integral order, and pertain to kindred 
solutions of (6) Section 1. They are designated 
Gm, Bm, With m=2n, 2n+1, or 2n+2. When the 
point (0, €) lies between a2, and Ben»41, the solu- 
tions (1), (2) are used, whereas for the regions 
between ony, and Benzo, (3), (4) are used. If 
these solutions are normalized as shown in 
Section 12, they may then be regarded as 


frequency modulation functions, or f-m functions 


for brevity. 


3. RECURRENCE RELATIONS FOR THE COEFFI- 
CIENTS IN (1)-(4) SECTION 2 


Substituting either (1) or (2) into (6) Section 
1, and equating the coefficient of cos(2r+p)z, 
or that of sin(27+ )z to zero, r= — x to+ x,we 
obtain the recurrence relation 


[@—(2r+ p)* leo, — el (27 +24 p)*e2-42 
4(2r—2+p)%c2,-2J=0. (1) 

The relation for (3), (4) Section 2 is 

[O—(2r+1+ 9)? Jeor41—eL(27 +34 p) e243 
+(2r—1+ p)*c2-1J=0. (2) 


Both (1), (2) are linear difference equations of 
the second order, and each has two independent 
solutions, the character of which we shall now 
investigate. Dividing (1) throughout by c2, and 
writing V2,=C2,42/Co, We get 


(2r+2+ p)*v2,+ (27 —2+ p)*v2-2' 
| =[0—(2r+p)*Je", (3) 


2r—2+ p\° 6—(2r+p)* 
a 0 
2r+2+ p (2r+2+ ) 
With @ finite, | «| <0.5, 0<p<1, when r>+« 
(4) may be written 


or 


te 
y 


Vor +Ver_2 '~ —e'. (5) 


Then as r>+, |v,| is either =1. For the 
convergence of (1), (2) Section 2, |c2,|—0 as 
r—+ 2, so this solution rests on the condition 
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'v3r| <1. The second solution dz, pertains to 
've,| >1, which means that |d2,|—>* with 7, so 
in the present instance it is inadmissible. Suppose 
that ¢€| <0.1, then to a first approximation we 
may write 


Fa, — ¢€. (6) 
Substituting from (6) into (5) leads to 


|Vo,-9| ~ | e/(1—e) | <1. (7)* 
‘ 
As r+, the ratio of consecutive coefficients 
tends to this approximate value. The same 
conclusion may be reached if r>— «. 
The formulas corresponding to (3), (4) Section 
2 may be derived from those above by writing 


(2r+1) for 2r. 


4. MINIMUM RATIO OF CONSECUTIVE 
COEFFICIENTS 


If the order of the solution (function) is 
(m+p), where m?=4r,”, it is convenient to 
regard Cy =Ce2,, as the central coefficient in the 


solution. Then, if s>rmn, |Ves| = | Cos42/Cos| <1, 
and for p<rm, | 1/V2ep| = | C2p—2/Cap| <1, 80 | Yep, > 
1. In (4) Section 3 let r= —1, and we get 


4—p\? 6—(2—p)? 
-1+(—) V_4 -| | (1) 
p pre 


Now 0<p<1, | €| <0.5, and if @>>1, the r.h.s. of 
(1) may be relatively large. The second member 
of (1) is then negligible and, therefore, 


v_o~[0—(2—p)* ]/pre. (2) 
For instance if 6=100, «=0.2, p=0.323, 
V_2=Co c_»~4650 1, (3) 


so the minimum ratio of consecutive coefficients 
is 1/4650. As r decreases below —1, the ratio 
increases and tends ultimately to the value at 
(7) Section 3. Hence, as 7 increases above r=s, 
ve,| decreases slowly to an ultimate value of 
e/(1—€)| ; and as r decreases below r= p, 1/v2, 
attains a minimum value of ep?/[@—(2—p)?] at 
r=—1, but thereafter rises and ultimately ap- 
proaches —e/(1—é). Between r= —1 and r=r,, 
the ratio is positive if «>0. 


* The sign of ve-_2 is minus. 
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The formulas corresponding to (3), (4) Section 
2, are 





5—p\? 
; +(; =) vs '=[0—(3—p)*V/(1—p)%e, (4) 
—p 


and . 
v_s~[0—(3—p)?]/(1—p)*e, (5) 


this being the reciprocal of the minimum ratio. 
The behavior of the coefficients with variation 
in r is that already described. 


5. CONVERGENCE OF (1)-(4) SECTION 2 


In Section 4 it is shown that as r>-+~~, 
the ratio of consecutive coefficients is less than 
unity, and that |¢2,|—0. Now 8 Ort pz <1, 
if z is real, so by a known theorem the series 
concerned are absolutely and uniformly con- 
vergent. When differentiated term by term re- 
peatedly, the ratio of the moduli of consecutive 
coefficients is less than unity as r>+ *. Hence 
the resulting series have the same properties as 
above, as also have those obtained by inte- 
grating term by term, for a similar reason. 




















Fic. 2. Illustrating form of iso-p chart for (1+ 2¢€ cos2z)y” 
+6y=0. a, Bi, a2, Bo, - are the characteristic curves 
(solid) for solutions of integral order—not considered 
herein. The even-order characteristics are symmetrical 
about the 6! axis, but those of odd order are asymmetrical 
although the chart is symmetrical. Iso-p curves are indi- 
cated by broken lines. When @>0 and the point (6, ¢) lies 
in an unshaded area, the solution is stable. If it lies in a 
shaded area between a» and 8», the complete solution is 
unstable and ~+ ” as 7—?+. 
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6. FORMULAS FOR CALCULATING TRIAL VALUES 


OF o 
a 
Let 
v=cosvz + €€)(2) + €°Co(2)+°°-, (1) 
and 
0=v+yietye t+, (2) 


where the c(z) are continuous single-valued even 
functions of 2; »=(m-+ ) being real and positive. 
By substituting (1), (2) into (6) Section 1, taking 
the solution to be stable and the coefficient of 
cosvz unity, we determine yi, y2 °°:.’ 
Then to a first approximation we find that 


may 


@—~v*(1 — (3v? +4) e?/2(v?—1) ]. (3) 


If @>1, and «€ is small enough, (3) may be 
expressed in the form 


v=(m-+p) 
~[0(0—1)/{0(1— $e?) —(142€*)} ]!. (4) 


Thus m is the integral, and p the fractional part 
of the r.h.s. of (4). 


b 


We choose the form of differential equation at 
(2) Section 1 and expand (1+2¢ cos2z)~'. Then 


(1+2¢€ cos2z)' = (1+2€+6e'+ ---) 
—2e(1+3e€+10e'+ ---) cos2z 
+2é€(1+4é€+---) cos4z 

—2é(1+5€+---) cos6z+---. (1) 

If € is such that terms in cos4z, cos6z, etc., may 


be neglected, we can write (2) Section 1 in the 
approximate form 


y’’+(a—2q cos2z)y=0, (2) 

with 
a=0(1+2¢+6eé+---), (3) 

and 
g=6e1+3€+10e8+---). (4) 


Then from reference 3, page 83, 
(m+p)™[a—(a—1)q?/{2(a—1)?—g*} }*. (5) 


The values of p computed from either (4) a, or 
(5) are to be regarded as ‘“‘trial’’ values, which 
may need to be improved during the process of 
computing the coefficients. 
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7. COMPUTATION OF THE COEFFICIENTS 


Having obtained a “trial” p, the c's are calcu- 
lated by the method described in reference 3, 
Chapter 5. Unlike the c therein, those to be 
computed for (1), (2) Section 2 do not decrease 
rapidly with increase in r>r,,, unless € is very 
small. Moreover, it is necessary to introduce an 
approximate correction based upon (7) Section 
3, when starting the computation. 


&. EXAMPLE 
a’ 


The following data pertain to an acoustical 
warble tone circuit: fo=wo/2r=500 c.p.s., fi 
=w1/2r=50 c.p.s., €=0.2. fo is the central fre- 
quency which corresponds to the unmodulated 
condition «=0. Af~efy=100 c.p.s., so the fre- 
quency range is approximately 400-600 c.p.s. 
The frequency of deviation or rate at which fy is 
modulated is 2f;=100 c.p.s., the modulation 
coefficient being 2e¢=0.4. As shown in Section 1, 
2e <1. In the above data f; and ¢€ are much 
greater than is usual in practice, where it is 
probable that f;=10 c.p.s., and «=0.05. 

Using (4) a Section 6 with @=(fo/fi)>=100 
«=0.2, vields 


(m+ p) =10.322, 


sO m=10, and p=0.322. (1) 


Using (3)—(5) b Section 6, we find that a=109, 
q = 22.72, giving 


(m+ p) = 10.323, 


so m=10, and p=0.323. (2) 


Then cy is the central coefficient. The close 
agreement between the trial values of p at (1), 
(2) should be noted, but this does not prove 
that they are accurate! 

Taking one of the values of p, or the average, 
we calculate 


— C2, C4, C6, Cs, C10, C12, C14, 


€6, €s, C10, Ci2, C14, C16, C18, <— 


proceeding in the direction of the arrow in each 
case. Thus (a) we start at c, and work towards 
the central coefficient co, and (b) we start at ¢13 
and work towards cy. In each case there is an 
overlap of two (or more if desired) coefficients, 
and if we have started far enough away from C10 
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C18 
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C10 


CS 





on either side, and the trial p is sufficiently accurate, there ought to be adequate agreement between 
the pairs of coefficients cs, #3 Cs, és; etc. Failing this, re-computation using another value of p, and 
interpolation as in reference 3, Chapter 5, must be employed to attain the desired accuracy of the 
results. 


b. Procedure 


First we shall show that, to the degree of accuracy contemplated in demonstrating the method 
of calculation (using a 10-inch slide rule) that co may be neglected. By (3) Section 4, c_»=c 9/4650, 
so with r=0, «=0.2, and p=0.323 in (1) Section 3, by neglecting c_, we obtain 


Co = «(2+ ))*co, (@—p*) 


~ 0.0108c2. (1) 
With rv =1 in (1) Section 3, 
4.323%c, = 5(100—2.323?)co—0.323%eo, (2) 
= 472.8c.—0.00113¢2, (3) 
by aid of (1). Thus the term 0.323%c9 in (2) may be ignored, and we get 
Cy = 472.8c2/4.323? =25.1c2. (4) 
r=2 6.323%c, = 5(100—4.323*)cy— 2.323%. 


Substituting from (4) for cy we have 


%;= 254.4¢c>. (5) 
r=3 8.323%, = 5(100 —6.323%)cg—4.323%e4, 
so cs = 1090c2. (6) 
rag 10.323%cip= 5(100 —8.323*)cs— 6.3232, 
so Cio = 1465c2, the central coefficient. (7) 


It will be seen that owing to repetition, the squares of various numbers, e.g., 4.3237, need be 
obtained once only. We now continue and calculate the overlap coefficients @12, @14. 


r=5 12.3237%;2= 5(100—10.3237)c¢19 —8.3237cs, 
so 12.323%%12= 5(100—106.56)c19 —8.323°cs, (8) 
and, therefore, @12= —814¢>. (9) 


This may be regarded as the “critical” point of the computation, because here [100 — (27 +0.323)? ] 
is smaller than for any other value of r. Consequently the influence of an inaccurate trial p is greatest 
when r=5. 


r=6 14.3237%,,= 5(100—12.3237)é12—10.323*c10, 
sO fis= 27062. (10) 


c 


We now calculate the coefficients on the upper side of c19, commencing with coo. From (7) Section 3, 
the limiting value of the ratio of consecutive coefficients is approximately —e/(1—é) = —0.2/0.96 
= —0.208. But |c20/cis| >0.208, so we shall tentatively assume that C20/cis= —0.23. Using (1) 
Section 3 with 


r=9 16.323%cig= °  5(100 — 18.323*)c13 — 20.3237 e200. (1) 


Since C29 = —0.23cis, 
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the last member of (1) is 951s, so (1) vields 


16.323%¢16 = —1180¢1s +95cis, (2) 
giving Cie = —4.07¢ 4s. (3) 
The second term on the r.h.s. of (2) is 8.05 percent of the first, so the error in taking ¢20/¢is = —0.23 
cannot exceed 1.85 percent, and in fact it is very much less. Enhanced accuracy would ensue by 
commencing with, say, Cos, but this is not justifiable for slide rule work. Continuing, we have 
r=8 14.323%¢14= 5(100—16.3237)c16—18.2327¢ 3, 
sO Cux= 14.848. (4) 
r=7 12.323%c.2.= 5(100—14.3237)c\4—16.3237c16, 
so Cig = — 44.5015. (5) 
r=6 10.323%¢;9= 5(100—12.3237)¢;2—14.3237c 14, 
so Cio= 80c 4s, the central coefficient. (6) 
r=5 8.323%, = 5(100—10.3237)¢19—12.3237¢ 12, 
so és = 59.5sc1s (critical point). (7) 
r=4 6.323%%, = 5(100—8.323"7)cs—10.3237c 10, 
sO & = 13.93¢is. (8) 


d. Results in Terms of the Central Coefficient c, 


C2 = 0.00068 3c10 

cy = 0.01715 Cio 

C6 = 0.1737 C10 t= 

cs = 0.745 C10 t= 

Cio= 1.00000 Oc Ce™ 

@2= —0.556 C10 Cu= 

fis= 0.1845 cro Cu™ 
Cis= 
Cis= 


The agreement between cg, @&; etc., is satisfactory 


e. Check on 0 


The agreement between the overlap coefh- 
cients in d does not warrant a check. When 
necessary, however, an improved value of p may 
be found as follows: Put r=5 in (1) Section 3, 
- and we get 


[100 - (10+)? |ero 


— 0.20 (12+ p)*c12+ (8+ )*cs | =0. (1) 


The computed values of ¢s, ¢12 are inserted in (1), 
which is then solved as a quadratic equation for 
p. Provided the difference between the trial p 
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Difference between 
overlap coefficients 


0.1741 cio 
0.7444 cro 
1.0000 ci 
— 0.556 
0.185 C10 
—().051 C10 
6.0125 cio 


0.0004 cio 
— 0.0006 cio 
0.0000 10 
0.0000 ci 
0.0005 cy 


C10 


for present purposes. 


and that obtained from (1) is a small fraction of 
the former, the new value of p is likely to be the 
better value of the two. To the order of accuracy 
contemplated herein, the p from (1) agrees with 


* 0.323. 


The complete computation may be checked by 
substituting (1) Section 2 into (6) Section 1 
using the values of the c in d, with z=0, or any 
other convenient value. 

In b and c the computation has been set out 
deliberately in such a manner as to make the 
procedure easy to follow. For a systematic series 
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of computations, the arrangement may be im- 
proved in a way which the professional computer 
will readily discern. Accuracy to as many decimal 
places as desired may be attained by well-known 
processes. 


9. THE SOLUTION OF (1) SECTION 1 


Writing z= )f, Q=y in (1), (2) Section 2, and 
using the c in d Section 8, to the desired degree 
of approximation, we have 


9 


O(j)~> Ceo, cos(2r+0.323)wit, (1) 


l 
and 


9 
O2(t)~>d. co, sin(2r+0.323)wit. (2) 
1 


Hence the complete solution with two arbitrary 
constants is 


O(t)~AQi(t) + BQ2(2), (3) 
=C > C2, cos[ (2r+0.323)wit—@], (4) 
1 


where C= (A?+B?)?, ¢=tan—'(B/A). In practice 
either the circuit current or the e.m.f. induced 
in a coupled circuit is needed. The current is 
dQ/dt, while the e.m.f. is proportional to dJ/dt 
=°Q/dt*?. Hence 


9 
dQ/dt~—C ¥ (2r+0.323)wice, 
1 
X sin[(2r7+0.323)wit—¢@], (5) 


and 
9 
dl dt~—C pK (2r +0.323)*w17Co, 
1 
xX cos[(27+0.323)wit—@]. (6) 


The ratios of the coefficients in (4)—(6) in terms 
of the central coefficient, taken to be unity in 
each case, are set out in Table I. 


10. SALIENT DIFFERENCES BETWEEN THE FORMS 
OF SOLUTIONS (4) OR (5) SECTION 1 
AND (4) SECTION 9 


If the numerical data satisfy conditions (a), (b) 
Section 1, the two forms of solution yield sub- 
stantially the same results. But when this is not 
so, the procedure given in Section 8 must be 
used, and the following salient differences are 
exhibited : 
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TABLE I. Showing relative amplitudes of the side 
frequencies corresponding to Q, J, and E. 








r O(t) O’(t) QO’ (t) 

1 0.00068 3 0.00015 37 0.00003 47 
2 0.01715 0.00719 0.00302 

3 0.1737 0.1062 0.0649 

4 0.745 0.6 0.483 

5 1.00000 0 1.00000 0 1.00000 0 
6 —0.556 — 0.664 —0.795 

7 0.185 0.255 0.356 

8 — 0.051 — 0.0806 —0.127 

7) 0.0125 0.0222 0.0393 


1. In (4) Section 1, the moduli of the coeff- 
cients equidistant from the central coefficient are 
equal, whereas in (4) Section 9 they are unequal, 
as will be seen from column 2 in Table I. 

2. The coefficients in the series for Q’(t), and 
Q’’(t) obtained by term differentiation of (4) 
Section 1, bear the same relation to each other 
as those in the series for Q(t). The relative ratios 
for Q’(t), and Q’’(t) obtained from (4) Section 9 
differ from those for Q(t), and the discrepancies 
are more marked the higher the derivative. Thus 
differentiation enhances the asymmetry about 
the central coefficient. 

3. In (4) Section 1 the central frequency fo, 
and the various side frequencies are affected to a 
trifling extent by capacitance variation, sirice 
is so small in a radio circuit. But owing to the 
relatively large value of ¢ in the warble tone 
circuit, in (4) Section 9, fo is increased by 3.23 
percent to 1.0323fo, when «=0.2. Also each side 
frequency is increased by an amount dependent 
upon the value of 7. For instance when r=1, 
the side frequency is 2.323f; instead of 2f;, and 
when r =9, the corresponding values are 18.323f; 
and 18f;. A common feature of the two forms of 
solution is that the side frequencies are spaced 
at integral multiples of 2f; about the central 
frequency. 


11. PROCEDURE WHEN ™m IS LARGE 


In Section 8 suppose that f;=10 c.p.s., «=0.05, 
then 6= 2500, and (m+ p)~@(1+3e/4) =50.375. 
Thus m=50 and p=0.375. If the computation 
started at co and were symmetrical about C50, 49 
coefficients would have to be calculated, thereby 
entailing considerable labor, especially if the 
trial p were insufficiently accurate. When @ is 
large, this may be circumvented by calculating 
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only the significant coefficients on each side of 
Cm. For a given @ the greater ¢ the larger is the 
number of significant coefficients. To determine 
the significant coefficient of lowest order, namely, 
Ca, OF Coe41, WE use (1) or (2) Section 3, according 
as m is even or odd. If m, (m—2s) are large 
enough, the last member of (1) Section 3 may be 
neglected. Then if s>1, we have 


¢ 


Vor l= Ce, Cor49m4(s +1) (@—4s?*). (1) 


Provided adequate accuracy when 


vo, '=h, (1) yields the approximate formula 


ensues 


2s~[hO/(h+.e) }}. (2) 


With @= 2500, «=0.05, h=0.05, (2) gives 2s = 36, 
so the number of significant coefficients on the 
lower side of cso is (25—18)=7. As in b Section 
8 the value of cas, the first coefficient omitted, 
may be calculated from ¢34/¢35=h. 

On the upper side of c,,, (1) Section 3 gives 


Vor—_2 = Cor Cor_o—4(s —1)*e (@—4s*), (3) 


and (2) is usable here also. Hence including c,,, 
the total number of significant coefficients is 
7+1+7=15. If h=0.1 gave adequate accuracy, 
there would be eleven significant coefficients. 
Formula (2) is applicable when m is odd, pro- 
vided that (2s+1) be written for 2s. If m is very 
large and ¢ very small (2) Section 1 may be 
written with adequate approximation 


y’’+0(1 —2¢€ cos2z)y=0, (4) 


so the solution takes the form at (4) Section 1. 


12. FREQUENCY MODULATION FUNCTIONS AND 
THEIR NORMALIZATION 


Consider the coupled circuit shown schemati- 
cally in Fig. 1B. If the coefficient of coupling is 
small, and the impedance of Z. much greater 
than that of the remainder of the circuit, the 
P.D. on Ze is nearly E,=MdI,/dt. Thus I, 
_~E,/Z.. If another circuit is coupled electro- 
magnetically to Zs, the P.D. across Z; will be 
approximately proportional to d?/,/df*, and so 
on. Thus the relative amplitudes of the side 
frequency P.D.S. in a particular circuit depend 
upon the number of circuits preceding it. In the 
nth circuit, the P.D. may be found by differ- 
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entiating the series for Q(t) in the first circuit 
(n+1) times. This procedure is valid by virtue 
of uniform convergence as treated in Section 5. 
Accordingly it is proposed to base our definitions 
of the frequency modulation functions upon 
(1)—(4) Section 2, these being the forms of solu- 
tion for the quantity Q(f). 

If in (1), (2) Section 2, p=p/s, a rational 
fraction in its lowest terms, the solutions are 
periodic in z real, with period 2sx, s>2. Then if 
K is a normalizing constant, we shall adopt the 
convention that® 
K es 
— f [> ce, cos(2r+ p)z |*dz 
WS “9 

2res 


K 
=— CS ce, sin(2r+ p)z |*dz 


Ts 0 


K=|E co] . (2) 


When p is irrational, we use definition (2) above, 
i.e. we make s+ in (1). Writing E.,@"+ 
=Kcso,, we define the f-m functions of order 
(2n+ p) to be 


cf 2 cos 
| (z,6)= YD Es,+") —(2rtp)z, (3, 4) 
Sflontp r=—x sin 
and those of order (2n+1+ )) to be 
cf Yn 
(2, €)= D0 Eayy,@nt?t) 
sf 2n+l+p sioeatt 
cos 
xX . (2r+1+p)z. (5, 6)' 
sin 


In this notation c, s, signify cos, sin, while f 
indicates frequency modulation. When «—0, (3), 
(4)—+cos(2n+ p)z, sin(2n+p)z, while (5), (6) 
—cos(2n+1+ ))2, and sin(2%+1+ ))z, respec- 
tively. Thus all the E tend to zero, except 
Fonsi?"t”, which tends to unity. Also when 
e=0, 06=(2n+p)* or (2n+1+> )’, as the case 
may be. 


, ‘For this case use (1), (2) with (27+1) for 2r, and K, 
or K. 
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13. CHANGING THE SIGN OF e 
This may be effected by writing ($4—z) for z 
in (6) Section 1. Making this change in (3)—(6) 
Section 12 yields solutions having the following 
properties: (a) they are neither odd nor even, 


(b) they do not reduce to the limiting forms in 


“ 
( 
SJ 2n+p 


a 


and 


(z, —e)=(-—1)" > (—1)"Eo,4,0rtl? 


a * 
sf 2n+1+p = 


The purpose of the multiplier (— 1)” is to insure 
a conventional positive sign when e=0, and 
the functions reduce to +cos(m+p)z, and 
+sin(m-+p)z, respectively, with m=2n or 2n+1. 


14. OSCILLATORY CIRCUIT HAVING CONSTANT 
RESISTANCE BUT PERIODICALLY 
VARIABLE CAPACITANCE 


This is shown schematically in Fig. 1C, the 
differential equation being 


dQ /dt?+(R/L)dQ/dt 
+Q LC (1+2e cos2wt) =0. (1) 


Using the substitutions given in Section 1, and 
putting R/2L=k, we get 


(1+2¢€ cos2z)(y’’ +2xy’) + 6y=0. (2) 
Writing y=e~**u(z), (2) is transformed to 


(1+2¢€ cos2z)u’’ +(0,;—2€, cos2z)u=0, (3) 


VOLUME 18, AUGUST, 1947 


,—) =(-1)" D (= 1) Ea, at) 


Section 12 when ¢«—0, (c) they are unduly 
complicated. write (—1)’co, for Co,, 
(—1)’ce,41 for ce-41 in the respective recurrence 
relations (1), (2) Section 3, the sign of ¢€ is 


If we 


changed. Using this substitution in (3)—(6) 
Section 12 with —0.5<e<0, we obtain the 


simple even and odd solutions (f-m functions) 


cos 

_ (r+ p)z, (1, 2) 
sin 

cos 

_ (2r+1+p)z. (3, 4) 
sin 


with 6,=(@—x«?), and e,=ex*. The formal solu- 
tions of (3) are of the type given at (1)-(4) 
Section 3. Substituting (1) Section 2 into (3) 
above, and equating the coefficient of cos(27 + p)z 
to zero for r= — ~ to + = vields the recurrence 
relation 


[0,—(2r+p)* }co,—Le(2r7 —2+p)?+ €1 Jcor2 
— [e(2r+2 +p)? + €1 |cor+2 =(). (4) 


The recurrence relation corresponding to (3), (4) 
Section 2, is (4) with (2r+1) for 27. By analysis 
akin to that in Section 6, formulas for calcu- 
lating m and p may be derived. Then the pro- 
cedure follows on the lines of that in Section 8 
et seg. Approximate solutions of (1) Section 1 
and (1) above are given in reference 3, pages 
280 and 283, the form being quite different from 
that herein. 
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The Sensitized Luminescence of Manganese-Activated Calcite 


James H. ScuutmMan, Lyte W. Evans, AND Ropert J. GINTHER 
Naval Research Laboratory, Washington, D. C. 


AND 


K. J. MURATA 
Geological Survey, U. S. Department of the Interior, Washington, D. C.* 


(Received January 20, 1947) 


Synthetic manganese-activated calcites are shown to be 
practically inert to ultraviolet excitation in the range 2000 
3500A, while they are luminescent under cathode-ray ex- 
citation. The incorporation of small amounts of an auxili- 
ary impurity along with the manganese produces the 
strong response to ultraviolet radiation hitherto ascribed 
to CaCO;:Mn itself. Three such impurities have been 
studied: lead, thallium, and cerium. The first two induce 
excitation in the neighborhood of the mercury resonance 
line, while the cerium introduces a response principally 
to longer wave ultraviolet. The strong response to 2537A 
excitation shown by some natural calcites is likewise found 
to be due to the presence of lead along with the manganese, 
rather than to the manganese alone. The data do not war- 
rant ascribing the longer wave-length ultraviolet-excited 
luminescence of all natural calcites to the action of an 


HE rose to orange-red luminescence of na- 

tural calcite has been studied by many 
investigators'* and has been ascribed to the 
presence of activator. 
preparation of a synthetic manganese-activated 
calcite phosphor was described by Fonda,* who 
precipitated CaCO3:Mn from a CaCl.-MnCl, 
solution by means of (NH,)2CO;. This material 
fluoresced with a rose color under 2537A ex- 


manganese as an 


citation, the best preparation having 30 percent 
of the brightness of calcite from Franklin, New 
Jersey. Our attempts to duplicate this prepara- 
tion yielded material much inferior in brightness 
‘to Fonda’s product, judging by comparison with 


* Data on natural calcites published by permission of 
the Director, Geological Survey, U. S. Department of 
Interior. 

1 E. L. Nichols, H. L. Howes, and D. T. Wilber, Phys. 
Rev. 12, 351 (1918). 

? T. Tanaka, J. Opt. Soc. Am. 8, 287 (1924). 

+E. L. Nichols, H. L. Howes, and D. T. Wilber, Carnegie 
Inst. Rep. 384, 367 (1928). 

‘W. L. Brown, Univ. Toronto Studies, Geol. Series 36, 
45 (1934). 

°P. Pringsheim, Fluoreszenz and Phosphoreszenz (Julius 
Springer, Berlin, 1928), p. 312. 

®°G. R. Fonda, J. Phys. Chem. 44, 435 (1939). 
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auxiliary impurity. The essential identity of the cathode- 
ray excited luminescence spectra of CaCO;:Mn, CaCO;: 
(Pb+Mn), CaCO;:(TI+Mn), and CaCO;:(Ce+Mn) with 
the 2537A-excited spectra of the latter three is evidence 
that the luminescent center in all cases is the manganese 
ion or the MnOg, group. It is shown that a “cascade” 
mechanism for the action of the auxiliary impurities, lead, 
thallium, and cerium, is incorrect; and that the phenome- 
non must be considered as a case of sensitized luminescence. 
Owing to the nature of cathode-ray excitation, the man- 
ganese activator can be excited by this agent even in the 
absence of a second impurity. For optical excitation, 
however, an absorption band for the ultraviolet must be 
established by building into the CaCO ;: Mn a second im- 
purity or “sensitizer.” 


the best sample of calcite that we could obtain 
from the above locality. 

It has recently been shown by Murata and 
Smith’ that manganese-activated sodium chlor- 
ide is not excited by 2537A radiation unless lead 
is also present as a “‘co-activator”’ in the phos- 
phor. This observation, together with our in- 
ability to duplicate Fonda’s work, suggested 
that an unsuspected impurity—possibly lead— 
was at least partially responsible for the lumin- 
escence of his preparations, and that the amount 
of this impurity was smaller in our work. This 
was found to be the case. When the reagents used 
to prepare the calcite were first purified before 
following Fonda’s procedure for precipitation of 
the phosphor,** the product was almost com- 
pletely inert to both 2537A*** and ‘‘3650A’’*** 
excitation. 


7K. J. Murata, and R. L. Smith, Am. Mineral 31, 
527 (1946). 

** Preparation of the phosphors was carried out by 
Fonda’s procedure, precipitation of the CaCO; from a 
CaCle— MnCl, solution at 70° by means of 50 percent 
excess (NH,)eCO; solution, followed by aging of the 
precipitate in its supernatant liquor for 10 minutes at the 
boiling point. 100 ml volumes of CaCl,— MnCl, solution 
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Luminescence could be produced in the final 
calcite product by adding to the calcium chloride 
solution an auxiliary component—either a lead, 
thallium, or cerium salt—along with the man- 
ganese chloride prior to precipitation of the 
phosphor. The addition of lead or thallous 
chlorides as auxiliary impurities, giving CaCO; 
:(Pb+ Mn) and CaCQO;:(TI1+Mn), respectively, 
induced strong luminescence under 2537A excita- 
tion, but only a minor increase in the ‘‘3650A”’ 
excited luminescence. The color of the lumines- 
cence was rose, in samples of low brightness, 
to orange-red in samples of high brightness. 
The brightest preparations of CaCQ;:(Pb+ Mn) 
were 90 percent as bright, under 2537A excita- 
tion, as an outstandingly efficient specimen of 
calcite from Langban, Sweden. 

The addition of cerium to the CaCl.-MnCl. 
solution (as cerous ammonium nitrate) prior to 
the precipitation gave a product that luminesced 
both under 2537A and “3650A”’ excitation, with 
a rose color in both cases. Enhancement of the 





response to the latter excitation was greater 
with cerium than with lead or thallium as the 
auxiliary impurity, cerium-bearing samples being 
much brighter than the CaCQ;: Mn. 


were used in all the experiments. The concentrations of our 
solutions were: CaCls, 0.162 molar; (NH,4)2COs, 0.25 molar. 
These concentrations are twice as high as those employed 
by Fonda. 

Purification of the CaCl, solution was accomplished by 
partial (33 percent) precipitation with (NH,4)2sCO; at 70°. 
Judging by the inertness of the final product, a greater 
degree of purification was effected by this procedure than 
by treatment of the CaCls solution with HS. The 
(NH,)2COs; solution was purified by partial (33 percent) 
precipitation with CaCl, solution at 70°. It was not found 
necessary to purify the MnCl, solution, but this is desirable 
in general. Purification of the MnCl. may be effected by 
the same procedure used for purification of the CaCl. 

*** 2537A excitation was provided by a low pressure 
mercury vapor lamp (‘‘Mineralite’’ or “‘germicidal”’ lamp) 
equipped with a Corning No. 9863 filter. “‘3650A”’ excita- 
tion was provided by a 360BL lamp with the same filter, 
giving a broad band in the near ultraviolet (3300-4200A) 
with a peak near 3650A. 

t Spectroscopic comparison of the luminescence of several 
preparations showed that the rose-colored fluorescence 
of the weaker samples is due to the superposition of 
visible (violet and blue) light from the exciting source 
upon the light emitted by the sample; during the brief 
afterglow following cessation of excitation the orange-red 
color of the luminescence is seen, since visible light from 
the lamp is no longer superimposed. The reflection of 
light from the exciting source becomes less important the 
brighter the phosphor, and the true orange-red lumines- 
cence color is therefore observed with these brighter 
samples even during excitation. 
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Fic. 1. Luminescence of synthetic manganese-activated 
calcites under 2537A excitation. Gaertner L231 spec- 
trometer with camera attachment. Type II-F plate. 
Exposure times: 25 minutes. Exciting source: ‘‘ Mineralite”’ 
lamp without filter. 


A. Cadmium borate: Mn ce 


Calcite: (T1+Mn) 
B. Calcite: (Pb+Mn) 


D. Calcite: (Ce+Mn). 


LUMINESCENCE UNDER OPTICAL EXCITATION 


The 2537A-excited luminescence spectra of 
synthetic calcites containing lead, thallium, and 
cerium additions are shown in Figs. 1 and 2. 
Included also in Fig. 1 is the 2537A-excited 
luminescence spectrum of a sample of man- 
ganese-activated cadmium borate phosphor hav- 
ing a quantum efficiency of 75-80 percent under 
this excitation. The spectra given by the three 
calcite preparations are essentially identical, 
starting at about 5780A and extending beyond 
the limits of sensitivity of the plate used. 

Measurements of the brightness of a series of 
preparations of CaCO ;:(Pb+Mn), CaCQO;:(TI 
+Mn), and CaCO;:(Ce+Mn) are given in 
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Fic. 2. Luminescence of synthetic calcite: (Ce+Mn) 
under 2537A excitation. Gaertner L231 spectrometer with 
camera attachment. Type II-F plate. 

A. “*Mineralite’’ lamp, no filter, 1 minute exposure. 
B. Calcite: (Ce +Mn) excited by ‘‘Mineralite’’ through Corning 9863 


filter. Exposure time: 16 hours. Luminescence between 4000 
5000A caused by fused silica of lamp. 
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Fic. 3. Effect of lead concentration on brightness of 
synthetic calcites. 


Table I, relative to the brightness of the above 
mentioned cadmium borate phosphor. In these 
measurements, circular plaques of the samples, 
one inch in diameter, were illuminated by a 
“Mineralite’” lamp with a Corning 9863 filter 
and viewed by a barrier layer photo-cell through 
a red filter cutting off visible light below 5500A. 
A plaque of unactivated CaCO; was used to 
obtain the ‘‘dark response” of the system, which 
was due to the small amount of visible radiation 
from the lamp passed by both filters. The small 
correction obtained in this way was applied to 
all the readings. 

The data on CaCO;:(Pb+Mn) are further 
graphically illustrated in Figs. 3 and 4. An x-ray 
diffraction study of all the samples indicated 
that a number of them were mixtures of calcite 
and aragonite, instead of pure calcite. Those 
preparations in which aragonite was found are 
indicated by e in the figures, while the pure 
calcite samples are indicated by o.tT 


tt The preparation of the pure calcite form of CaCOs, 
CaCO;: Pb, CaCO;: Tl, and CaCO;:Ce by the hot precipi- 
‘tation, recommended by Fonda and used by us in most 
of the work, was found to be impossible, aragonite or, at 
best, mixtures of calcite and aragonite being formed 
instead. Apparently manganese has to be co-precipitated 
with the calcium carbonate in order to generate the calcite 
phase, although even in this case the formation of arago- 
nite is not always prevented. Manganese-free calcite, with 
or without Pb, Tl, or Ce impurity, could be prepared 
only by low temperature precipitation. To obtain these 
materials a saturated calcium bicarbonate solution was 
made by bubbling carbon dioxide through a calcium 
carbonate suspension, filtering off the excess solid, and 
adding PbCl., TICI, or CeCl; solution to the filtrate. 
From such solutions calcite was deposited at room temper- 
ature after a day or two. 
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LUMINESCENCE UNDER CATHODE-RAY AND 
SPARK-COIL EXCITATION 


Visual observations were made of the cathode- 
ray excited luminescence of a group of syn- 
thetic calcite phosphors of the same manganese 
concentration, including a sample containing 
manganese alone, and samples containing man- 
ganese plus one of each of the auxiliary impuri- 
ties: lead, thallium, and cerium. The phosphor 
samples were mounted side by side in }” di- 
ameter X 7s’’ deep wells drilled into a brass plate, 
which was placed inside a demountable cathode- 

TABLE I. Brightness of CaCO3:(Pb+Mn), CaCO;:(TI 
+Mn), and CaCO;:(Ce+Mn) phosphors under 2537A 


excitation. 


Molality of solution** with respect to Relative brightness 


Pbt* Mntt 
5x107% 10-2 7:2 
5x10™% 10-3 6.1 
2.5X 1073 10-2 19.2 
2.5xX10°3 10-3 13.0 
10-4 5x 107? 0.26 
10% 3x10 Zon 
10-4 10°? 18.0 
10-3 5x10 19.2 
10° 3x10 18.2 
10-4 10-3 9.3 
10-3 10-4 ‘Too weak to measure 
4x 10~ 10-3 6.3 
10-4 10°? 7.2 
10-4 10-3 2.44 
10-4 10-4 Too weak to measure 
10-5 10°? 3.3 
10-6 10-3 1.52 
10-5 10-4 Too weak to measure 
10-6 10°? 0.76 
10-6 10-3 Too weak to measure 
10-6 10-4 0. 
Ti Mn** 
10-3 10-2 5.8 
10-3 10-3 Too weak to measure 
10-3 10-4 0 
10-4 10-2 1.55 
10-4 10-3 Too weak to measure 
10-4 10-4 0. 
Ce** Mn‘? 
10 4 10°? 0.64*(b) 
10-3 10-4 0.71*(a) 
10° 10°' 0. 
10-4 10-2 0.79* (c) 
10-4 10-3 ‘Too weak to measure 
10-4 10-4 ‘ 
Calcite, Franklin, New Jersey 12.4 
Calcite, Langban, Sweden 21.3 


Cadmium borate: manganese 100. 





* Brightness under ‘‘3650A”’ excitation: (a) >(b) >(c). 

** Polarographic and colorimetric analyses of several of the above 
samples showed that the mole ratios of Mn/Ca, Pb/Ca, and Ce/Ca 
in the solid were substantially the same as in the solution prior to 
precipitation, while in the case of thallium the Tl/Ca ratio in the 
phosphor was only one seventh of its value in the solution prior to 
precipitation. These results are in agreement with what is expected 
trom elementary chemical considerations concerning the solubilities of 
the various carbonates, basic carbonates, and hydroxides involved. 
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ray tube. There was no perceptible color difference 
between the luminescence of CaCQO;: Mn, CaCO; 
:(Pbh+Mn), CaCO;:(T1+Mn) and CaCQ;:(Ce 
+Mn) when they were simultaneously bom- 
barded with cathode rays (accelerating voltage, 
800 volts; current density approximately 100 
yamps/cm?*). The close proximity of the samples 
would tend to make any differences between 
them readily detectable. 

Since the design of the demountable cathode- 
ray tube used in making these visual observa- 
tions was not suited for use as a spectrographic 
source unit, the luminescence spectra of the 
above phosphors under spark-coil excitation, in 
air at a pressure of 10-? mm Hg, were photo- 
graphed instead (Fig. 5). It has been our ob- 
servation that this type of excitation and 
cathode-ray excitation give the same lumines- 
cence spectrum with all the standard sulfide, 
silicate, fluoride, and tungstate phosphors. The 
visual observations and the spectrograms of 
Fig. 5 show the essential identity of the lu- 
minescence under corpuscular excitation of man- 
ganese-activated calcites with or without auxili- 
ary impurities. 


NATURAL CALCITES 


In order to determine whether or not the 
luminescence of natural manganese-bearing cal- 
cites is due to an auxiliary impurity, as with 
our synthetic samples, preliminary qualitative 
spectrographic analyses were made of brightly 
orange-red fluorescing (2537A excitation) na- 
tural calcites from the following localities: (1) 
Franklin, New Jersey; (2) Langban, Sweden; 
(3) Mount Spurr, Alaska Peninsula, Alaska; (4) 
Sunset Mine, Superior, Arizona; and (5) Guana- 
juato, Mexico. All of them were found to contain 
both manganese and lead. The manganese con- 
tent of the samples ranged from tenths of a 
percent to several percent; and the lead from 
hundredths of a percent to over a_ percent. 
Neither thallium nor cerium could be detected 
in any of the samples, which therefore are sam- 
ples of lead-induced luminescence. It follows that 
the “3650A”’ excited luminescence of these na- 
tural calcites is induced by some other impurity 
than those put into our synthetic samples, or is 
due to the manganese alone. 

Chemical analysis of the outstandingly bright 
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Fic. 4. Effect of manganese concentration on brightness 
of synthetic calcites. 


Langban calcite showed that it contained 1.3 
weight percent of lead and 3.0 weight percent of 
manganese, which is the order of magnitude of 
both impurities present in our synthetic samples. 

The well-formed crystals from Guanajuato, 
Mexico, showed a sharply-zoned fluorescence 
that was restricted to the outermost millimeter 
of the crystals. Spectrographic analysis of the 
fluorescent and non-fluorescent portions showed 
that the manganese content was approximately 
0.1 percent in both. The fluorescent portion, 
however, also contained several tenths of a 
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Fic. 5. Luminescence of manganese-activated calcites 
under spark-coil excitation. Gaertner L231 spectrometer 
with camera attachment. Type II-F plate. Exposure times: 
5 minutes. Density differences between samples not 
significant. 


A. Cadmium borate: Mn 

B. Calcite: Mn 

C. Calcite: (Pb+Mn) 

D. Calcite: (T1+Mn) 

E. Calcite: (Ce+Mn) 

F. *“*Mineralite’’ lamp, no filter, 1 minute exposure (for wave-length 
calibration). 
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percent of lead, whereas the non-fluorescent 
portion had no detectable lead. 

The preliminary study of natural calcites 
thus confirms the results obtained with our 
synthetic samples, and demonstrates that the 
luminescence of natural calcites under excitation 
in the region of mercury resonance radiation is 
due—not to manganese alone, as has hitherto 
been believed—but to the simultaneous presence 
of manganese and lead in the crystal. 


DISCUSSION 


The lack of fluorescence response of CaCO ; 
:Mn to optical excitation by ultraviolet radia- 
tion in the neighborhood of the mercury reso- 
nance line, and the development of such a re- 
sponse by the incorporation of auxiliary im- 
purities such as lead, thallium, or cerium, may 
be considered from three different viewpoints. 
First, it may be postulated that the manganese 
activator alone in the calcite structure does not 
constitute a luminescent center, but that lumin- 
escence emission is possible only from a more 
complex center containing lead, thallium, or 
cerium in addition to the manganese. The 
auxiliary impurities and the manganese are ac- 
cordingly interpreted as “‘co-activators.”"’ This 
interpretation is ruled out by the fact that all 
samples of manganese-activated calcite, whether 
or not they luminesced under ultraviolet excita- 
tion, responded to cathode-ray and spark-coil 
excitation with the same luminescence emission 
spectrum. The cathode-ray excited luminescence 
is essentially identical with the optically-excited 
luminescence of the preparations responsive to 
the latter type of excitation. This luminescence 
is of the typical orange-red color associated with 
manganese in sixfold coordination with oxygen,* ® 
as would be expected if Mn**+ replaced Ca*+ 
substitutionally in calcite. This shows that the 
Mnt** ions or the MnO, groups existing in the 
crystal constitute in themselves luminescent 
centers, independent of the presence or absence 
of an auxiliary impurity and of the nature of the 
impurity when present. 

A second interpretation is that we are dealing 
here with a ‘“‘cascade’’ process in the case of 


*S. H. Linwood, and W. A. Weyl, J. Opt. Soc. Am. 32, 
443 (1942). 
* J. H. Schulman, J. App. Phys. 17, 902 (1946). 
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ultraviolet excitation of the phosphors contain- 
ing an auxiliary impurity along with the man- 
ganese. According to this simple picture, the 
manganese and the auxiliary impurity need not 
be considered as forming a manganese ion- 
impurity ion complex, but act as two separate 
luminescent centers. The auxiliary impurity ab- 
sorbs the exciting “short’’ ultraviolet radiation 
and emits as fluorescence longer wave ultra- 
violet or even visible radiation capable of ex- 
citing the manganese activator to its typical 
luminescence. This interpretation assumes, then, 
a greater or less degree of coincidence between 
the position of the manganese absorption band 
in CaCQO;:Mn and the emission bands of 
CaCO;:Pb, CaCO ;:TIl, and CaCO ;:Ce. This in- 
terpretation is contradicted by simple experi- 
ments in which intimate mechanical mixtures of 
CaCO;:Mn with CaCO ;:Pb, CaCQO;:Tl, and 
CaCO ;:Ce, respectively, were examined under 
2537A excitation. In no case was luminescence 
observed. 

The third interpretation of our results is that 
the CaCO;:(Pb+Mn), CaCQO;:(Tl+Mn), and 
CaCO ;:(Ce+Mn) phosphors are cases of “‘sensi- 
tized luminescence,”’ such as those first described 
by Rothschild” in the group of rare-earth acti- 
vated alkaline earth sulfide phosphors. In this 
model it is assumed that (a) CaCO,;: Pb, CaCO, 
: Tl, and CaCO :Ce have an absorption band in 
the short wave-length ultraviolet region in ques- 
tion ; (b) CaCO;: Mn does not have an absorption 
band in this region of the ultraviolet, but may 
have absorption bands in another spectral range ; 
(c) the simultaneous incorporation of manganese 
and lead, thallium, or cerium in calcite leaves 
conditions (a) and (b) substantially unchanged ; 
(d) energy absorbed in the lead, thallium, or 
cerium-induced absorption bands is transferred 
to the manganese by a process analagous to 
collisions of the second kind rather than by a 
radiative (‘‘cascade’’) process; and (e) the lumi- 
nescence emission is due to the Mn** ion alone 
and is independent in spectral characteristics of 
how the energy is imparted to this ion. 

The fundamental lattice absorption of pure 
calcite lies at wave-lengths shorter than about 


S. Rothschild, Physik Zeits. 35, 557 (1934); ibid. 37, 
757 (1936). 
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2250A." The introduction of absorption bands 
at longer ultraviolet wave-lengths than the 
fundamental crystal absorption by the in- 
corporation of lead, thallium, silver, and other 
heavy metal impurities in the alkali halides is 
well-known,” and a similar effect is to be ex- 
pected in crystals with anions other than the 
halogens, although the position of the absorption 
peak produced by a given cation impurity will 
differ with the nature of the host crystal. The 
absorption produced by the impurity ion may 
be due to the excitation of this ion itself, as 
proposed by Seitz for the alkali halide-thallium 
phosphors; or to the higher ionization potential 
of the substituting cation compared to that of 
the cation of the crystal itself; or to a greater 
polarizing power of the impurity ion compared 
to the cation of the host crystal. In our man- 
ganese-activated calcites, the lead, thallium, and 
cerium impurities would act in this way as “‘ab- 
sorbers”’ or “‘sensitizers,”’ and this function would 
be performed whether the ‘sensitizers’ them- 
selves are capable of emitting luminescent radia- 
tion of their own or not. The manganese activa- 
tor and the lead, thallium, or cerium “sensitizer” 
would have to be near neighbors in the calcite 
structure for the energy to be transferred from 
the sensitizer to the manganese, but this re- 
quirement is different from the concept of a 
Mnt++—Pbt*+ (or —TI* or —Cet***) complex as 
the luminescent center. 

According to this picture of sensitized lumi- 
nescence, no sensitizer should be required for the 
appearance of the manganese luminescence under 
cathode-ray bombardment. Under this type of 
excitation, energy is absorbed primarily by the 
atoms of the host crystal, the absorbed energy 
then being capable of transmission over large 
distances through the lattice to the site of the 
manganese activator by means of excitons or 
by the movement of electrons and positive holes 
through the crystal. 

The validity of the above interpretation of 
sensitized luminescence is supported by a more 
detailed study of the excitation and absorption 


' International Critical Tables, Vol. VII, pp. 270-273. 

" R. Hilsch, Physik. Zeits. 38, 1031 (1927). 

SF. Seitz, J. Chem. Phys. 6, 150 (1938). 

“N. F. Mott, and R. W. Gurney, Electronic Processes in 
Tonic Crystals (Oxford University Press, 1940), p. 102. 

'® See reference 14, p. 207. 
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(reflection method) of manganese-activated calcite 
phosphors being made by Mr. Elias Burstein and 
Mrs. Margaret White, Crystal Section, N.R.L., 
whom we thank for permission to present a 
summary of their preliminary results. Data on 
the excitation and reflection spectra of the lead, 
thallium, and cerium sensitized phosphors, as well 
as of calcites containing lead, thallium, cerium, 
and manganese separately, and of pure calcite are 
given in Figs. 6 and 7. 

For the excitation studies, plaques of phosphor 
powder were irradiated with ultraviolet from a 
Beckman hydrogen discharge lamp, mono- 
chromatized by a Beckman quartz spectro- 
photometer, and the irradiated surface viewed 
by an RCA IP21 multiplier photo-tube through 
a Corning 2418 filter. The design of the apparatus 
allowed the continuous automatic plotting of the 
photo-cell response vs. excitation wave-length in 
about 15 minutes over the range of 2000 to 
3500A. The data are presented in Fig. 6 as cell 
response vs. wave-length instead of as a true 
excitation spectrum, since no means was pro- 
vided for keeping constant ultraviolet energy 
incident on the phosphor at all wave-lengths or 
for measuring the intensity of the incident ultra- 
violet as a function of wave-length. Since the hy- 
drogen lamp employed gives a continuous spec- 
trum without sharp changes in output with wave- 
length, and the transmission of the monochroma- 
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Fic. 6. Ultraviolet excitation spectra of synthetic 
manganese-activated calcites. 


I. Calcite: (Ce+Mn) 
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tor likewise varies continuously, the data suffice 
to locate qualitatively, at least, the positions of 
excitation bands. Pure natural calcite (curve not 
shown in Fig. 6) gave no response over the whole 
range. Synthetic calcite, activated with man- 
ganese alone (dotted curve, Fig. 6) showed only 
a very faint luminescence under excitation near 
2150A and again near 2450A. It is not yet known 
whether this very slight response is due to man- 
ganese alone or to traces of a sensitizing impurity 
which our purification method failed to remove. 
With CaCQO;:(Ce+Mn) the 2450A 
excitation peak is somewhat higher, but a much 


(curve 1) 


more important effect is the far stronger ex- 
citation band created by the cerium at longer 
wave-lengths, peaking at about 3170A. CaCO; 
:(T1+Mn) (curve III) has a strong excitation 
region peaking at 2435A, CaCQ;: (Pb 
+Mn) (curve Il) shows a very intense excita- 
tion region with a peak at 25404. This last band 
coincides almost exactly with the wave-length 
of mercury resonance radiation, which probably 
accounts for the much higher efficiency of lu- 
minescence of the CaCQO;:(Pb+Mn) phosphors 
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Fic. 7. Reflection spectra of calcite preparations. 


Unactivated calcite (optical quality, non-luminescent natural 
specimen ) 
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CaCQO;:(TI+ Mn) 
Table 1). 

In Fig. 7 are given the results of reflection 
measurements on the above materials. For these 
measurements the samples were illuminated with 
a Hanovia hydrogen-discharge lamp, and the 


and CaCO;:(Ce+Mn) (ef. 


reflected light analyzed by a Gaertner quartz 
monochromator, using a 1P28 multiplier photo- 
tube as a receiver. A plaque of magnesium car- 
bonate'® was used as a standard and the photo- 
cell response to the reflection from the samples 
was compared to the response from the standard. 
Absolute measurements cannot be made by this 
method, of course, since the reflectivity is a 
function of particle size, packing of the sample, 
angles of illumination and viewing. Comparison 
of the results obtained with this system with 
true absorption measurements on materials ob- 
tainable in the form of single plates or crystals 
has, however, given good agreement as to the 
location of absorption bands and qualitative in- 
formation as to their intensity. The difference in 
reflection between different samples in regions 
where they are both quite transparent is not to 
be considered significant on account of the dis- 
turbing factors mentioned above; significance 
should be attached only to the shape of each 
curve and the structure or absence of structure 
found therein. The measurements were made 
point by point, with data being taken every 50A 
between 2000 and 3400A. The data indicate 
that the introduction of manganese into calcite 
does not introduce any pronounced absorption 
beyond that present in pure calcite in the wave- 
length range investigated except at wave-lengths 
shorter than about 2400A. The introduction of 
lead in the calcite calls forth two fairly sharp 
absorption. bands, which persist when manganese 
is introduced in addition to the lead.ttt The 
absorption band lying at the longer wave-lengths 
in CaCO;:Pb and CaCO;(Pb+Mn) coincides 
fairly well with the position of the excitation 
band of the latter phosphor. The same situation 
applies in the case of CaCO;:Tl and CaCO; 
:(Tl+Mn). The results with cerium are less 
satisfactory because there is no sharp peak in 

16 C. F. Goodeve, Trans. Faraday Soc. 34, 902 (1938). 

ttt The greater absorption and overlapping of the peaks 
in CaCO;:(Pb+Mn) compared to CaCO;:Pb is due to 


the higher Pb concentration in the former, 1.60 mole 
percent vs. 0.4 mole percent Pb in the latter. 
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the absorption coinciding with the peak of the 
excitation spectrum of CaCO ;:(Ce+Mn). How- 
ever, even here a considerable increase in ab- 
sorption over pure CaCQ; is evident, there being 
a drop of approximately 20-30 percent in the 
reflection between 3400A and 3150A for both 
CaCQ;:Ce and CaCQ;:(Ce+ Mn). 

A study of the literature reveals a number of 
known phosphors which appear to be based 
upon the mechanism of sensitized luminescence 
outlined above. Among these are alkaline earth 
borates, phosphates, silicates, and_ silico-phos- 
phates,'*'* and the NaCl:(Pb+Mn) of Murata 
and Smith.’ In principle it should be possible to 
introduce excitation bands for any desired ultra- 
violet spectral region by choice of the proper 
sensitizer for any phosphor showing response to 
cathode-ray or x-ray excitation but not to ultra- 
violet excitation. Investigations under way at the 
Naval Research Laboratory are concerned with 
further studies along these lines. 


SUMMARY 


It is shown that synthetic preparations of 
calcite, with manganese as an activator, are 
luminescent under cathode-ray excitation, but 
are substantially non-luminescent under ultra- 


17 Hiiniger and Panke, U. S. Patents 2,241,950 and 
2,241,951 of May 13, 1941. 

'8 Aschermann and Strubing, U. S. Patent 2,308,736 of 
January 19, 1943. 
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violet irradiation. By co-precipitation of small 
amounts of lead, thallium, or cerium with the 
manganese-activated calcium carbonate, there is 
produced no essential change in the cathode-ray 
luminescence spectrum, but the products are 
then strongly excited by ultraviolet radiation as 
well. Spectrographic analyses of natural calcites 
from a number of different localities show that 
in the strongly luminescent (2537A excitation) 
specimens of the natural mineral, lead accom- 
panies the manganese activator, while in the 
non-luminescent (2537A excitation) specimens 
the manganese is present without lead. The 
near-ultraviolet excited luminescence of most 
natural calcites is not connected with the lead, 
and has not as yet been ascribed to the presence 
of any specific auxiliary impurity. 

The interpretation of these results is shown to 
be most consistent with the concept of a ‘‘sensi- 
tized’’ luminescence, and the possible applica- 
tion of this viewpoint to known phosphors and 
to the synthesis of new phosphors having specific 
excitation bands is pointed out. 
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Electron Beam Deflection 


Part I. Small-Angle Deflection Theory 


R. G. E. Hutter 
Sylvania Electric Products, Inc., Flushing, New York 


(Received February 26, 1947) 


Two general mathematical methods are discussed which may be used to study the effects of 
electric and/or magnetic deflection fields on electron beams. The basic equations for the ‘‘path 
method” are the equations of motion of Newton or Euler-Lagrange. The ‘“iconal method"’ 
makes use of certain properties of the Hamiltonian function. 


These methods are then applied to describe the action of balanced, two-dimensional electric 
deflection fields on electron beams. It is shown that both methods vield essentially the same 
results. Expressions are derived describing the magnitude of deflection and the distortions of 


an electron beam. 


Only the path method is used in a similiar investigation of magnetic-type deflection fields. 


A. INTRODUCTION AND GENERAL OUTLINE OF 
THE THEORY 


1. Introduction 


HE problems of the formation and _ the 

control of electron beams are the concern 
of ‘Geometrical Electron Optics,” a term chosen 
to imply the analogy which exists between the 
behavior of electron beams and light beams, and 
which manifests itself in the terminology and the 
fact that many light-optical instruments have 
an electron-optical equivalent. Electron beams 
may be focused, deflected, and reflected by 
electric or magnetic fields which are called elec- 
tron lenses, deflection fields, and electron mirrors, 
respectively. The deflection fields might be 
termed electron prisms if it were not for the fact 
that deflection fields produce both prismatic and 
focusing effects on electron beams. A deflection 
field may be considered as a prism having a weak 
cylinder lens joined to each face. 

If the deflection fields are classified as those 
making use of focusing effects and those for 
which these effects are undesirable, it is found 
that these two classes represent the deflection 
helds producing large-angle deflections and those 
producing small-angle deflections, respectively. 
Deflection fields of the former group are em- 
ployed in mass spectrometers, cyclotrons, and 
microanalyzers, while fields of the latter group 
are used in cathode-ray and television tubes, ion 
traps, scanning-type electron microscopes, etc. 

This paper will deal exclusively with small- 
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angle deflection fields in the manner now used for 
the treatment of electron-optical phenomena ; the 
terms ‘‘deflection field,”’ and ‘‘deflection system” 
will hereafter be assumed to relate only to small- 
angle deflection fields or systems. Large-angle 
deflection fields have been discussed elsewhere.'~‘ 

It is the writer’s purpose to provide certain 
mathematical tools which should be found useful 
in the design of improved deflection systems. In 
spite of the practical importance of an under- 
standing of the problems of deflection, little 
attention has been paid to a systematic study 
of deflection fields. Approximate formulae are 
still used to determine the magnitude of deflec- 
tion, and qualitative reasoning is applied to 
obtain information about the type of distortion 
of the deflected beam. Two exceptions exist: 
J. Picht and J. Himpan‘ have investigated single 
and crossed two-dimensional electric fields, and 
G. Wendt® has studied single and crossed 
magnetic deflection fields. 

A thorough discussion of the subject is indi- 
cated for a number of reasons: 


(1) Because of war conditions, the work of Picht, Him- 
pan, and Wendt appears to have escaped the attention of 
the workers in the field of electron optics. 


'R. G. E. Hutter, Phys. Rev. 67, 248 (1945). 

2 R. Herzog, Zeits. f. Physik 89, 447 (1934). 

> W. Henneberg, Ann. d. Physik 19, 335 (1934), ibid. 20, 
1 (1934), ibid. 21, 390 (1934). 

*N. D. Coggeshall, Phys. Rev. 70, 270 (1946). 

° J. Picht and J. Himpan, Ann. d. Physik 39, 409 (1941), 
ibid. 43, 53 (1943). 

6G. Wendt, Die Telefunkenréhre 15, 100 (1939); Zeits. 
f. Physik 118, 593 (1942). 
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(2) These authors used a method of investigation which 
is known in electron optics as the “path method.” It is 
of interest to show that another method, called the “‘iconal 
method,” may also be employed. 

(3) The method of Picht, Himpan, and Wendt, as well 
as the results, may be simplified. This simplification results 
in greater ease of application. 

(4) The investigations may be generalized to include 
three-dimensional electric deflection fields.* 

(5) A number of applications of the simplified and ex- 
tended theory have now been made resulting in design 
charts for the determination of the magnitude of deflec- 
tion, and in quantitative information on spot and pattern 
distortions of some of the commonly employed deflection 
fields. 


The work is to be divided into two parts.** 
In Part I the general framework of the theory 
will be discussed, and the theory will be special- 
ized for the case of single two-dimensional elec- 
tric deflection fields, and single and crossed 
magnetic deflection fields. In Part I] the magni- 
tude of deflection and the distortion effects are 
computed for a number of typical electric and 
magnetic deflection fields. 


2. General Outline of the Theory 


Cathode-ray and television tubes are the most 
important devices employing the kinds of de- 
flection fields to be investigated here. Although 
the theory to be developed may also be applied 
to small-angle deflection fields used in other 
devices, the terminology is that pertaining to 
cathode-ray tubes. The tube for which the theory 
will be developed is, however, an ideal rather 
than an actual cathode-ray tube. In order not 


to complicate the theory unduly, a number of 
assumptions had to be made chiefly concerning 
the electron beam and the focusing system. 

The electron beam is assumed to be a recti- 
linear flow of electrons, homogeneous in velocity, 
and either conically or cylindrically shaped; 
space-charge effects are ignored. Such assump- 
tions are not essential to the theory but were 
made to simplify its application. If it is necessary 
to explain the effects in an actual cathode-ray 
tube, such effects might have to be taken into 
account separately. 

Furthermore, field distortions of the deflection 
fields due to the presence of other electrodes 
were not taken into account. This means that 
the deflection fields were taken as being deter- 
mined solely by the current conductors and 
electrodes intended for the formation of the field. 

These idealizations and approximations are 
permissible if one is interested in a comparative 
study of deflection fields, but not in an explana- 
tion of the performance of a particular cathode- 
ray tube which employs deflection fields. 

The Cartesian system of coordinates will be 
used throughout this work. The z axis is taken 
as the optical axis of the focusing system. If 
undeflected, the electrons of the beam will 
travel in the +2 direction. The x direction is 
also called the ‘‘horizontal’’ direction while the 
y direction is called the “‘vertical’’ direction. 

The initial coordinates of an electron, whose 
path through the deflection field is to be deter- 


y or vertical direction 


Fic. 1. The geometry of 
deflection. 
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** A part of the material presented in these papers was given in an abbreviated form at the National Electronics 


Conference in Chicago, October 3-5, 1946. 
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mined, are Zo, Xo, and yo. The slope of the path 
at this point is given by Xo’, yo, the prime 
indicating the derivative of the quantity with 
respect to z. The position coordinates of an 
electron after deflection in a plane perpendicular 
to the z axis at a point 2; are given by 2;, x;, and 
y;. The coordinates x;, y; at a specified coordinate 
2; are the quantities which ordinarily have to be 
determined. In cathode-ray and television tubes, 
z; is the axial coordinate of the plane of the 
fluorescent screen. For simplicity, it is assumed 
that the screen is flat, although in many tubes 
the screen is actually a curved surface. Since 2; 
will remain a variable which may be chosen 
arbitrarily, it will also be possible to determine 
the position of the electron on a curved screen, 
in which case the calculations might be a little 
more cumbersome. 

In most practical cases 2 and 2; are axial 
coordinates which are in regions where the influ- 
ence of the deflection field is negligibly small. 
The deflection action of the field takes place 
between two xy planes with axial coordinates 2, 
and 22, where 2) <2; <22<2; (see Fig. 1). 

There are four quantities—two coordinates 
and two slopes—which are of importance. If the 
deflecting field is zero, the electron with the 
above mentioned initial conditions xo, Yo, Xo’, Yo’ 
at 2, would proceed in a straight line from 
Xo, Yo, 29 to the screen. Its coordinates at the 
screen are given by x;, and y;,, where 

Xiu =Xo+Xo (Zi—Zo), Yiu =YotVo (Zi—Zo). (1) 
Its slopes at that point are 

Xiu’ =Xo, Yiu =Yo. (2) 
The second subscript u indicates that xj, Vix are 
the coordinates of the undeflected electron at 
the screen. (See Fig. 1.) 

Equations (1) and (2) may be used to express 
- Xo, Yo in terms Of Xin, Vin» Xiu’, Vin’ as follows: 


Xo =NXin —Xin' (Zi —2o), VYo=Viu — Viu (Zi —Zo). (3) 
The coordinates x;, y; of the deflected electron 
at the axial coordinate z; may be expanded 
formally in power series of powers of Xiu, Vin, 
and Xiu’, Yiu’: 


a, b, c, d 


x= pm Ma», ¢, inal | 
(4) 


7 ° a td 
¥ » Nav, o,a°*Xiu® ‘Vine X mu “+ Vin ’ | 


a,b,c,d 


where a+6+c+d=n with n=0, 1, 2, ---. There 
are [(7+1)(m+2)(n+3) |/6 terms of degree n. 

The coefficients M,,-¢¢ and Na»-a will, of 
course, be functions of Zo, 2; and the field-strength 
parameters of the electric and magnetic deflec- 
tion fields. The problem of determining x;, y; 
reduces to one of determining these coefficients. 
It will be shown that the series, Eq. (4), are 
rapidly converging if small-angle deflections are 
considered only. In most practical cases, n need 
not be taken as higher than three. The condition 
of smallness of the deflection angle will have to 
be stated mathematically. 

Before going to the discussion of the two 
methods by which the coefficients Ma,»,..4@ and 
Na.».ca May be determined, a few remarks will 
be made concerning some general properties of 
these coefficients. 

All electric and magnetic fields used as deflec- 
tion fields are, strictly speaking, three-dimen- 
sional fields; i.e., the electrostatic potential func- 
tion g and the magnetic field strength vector H 
will be functions of all three coordinates x, y, 
and z. However, certain fields employed in actual 
devices exhibit in certain regions the properties 
of two-dimensional fields. This is especially the 
case for some electric deflection fields. In this 
case the potential function g may be considered 
as depending only on x, z, or y, z. If the variation 
of ¢ with the third coordinate is negligibly small 
in regions passed by the electron beam, a con- 
siderable simplification of the theory appears 
possible. This simplification finds its expression 
in the end result, Eq. (4), in which a number of 
the coefficients M,.»,-.4 and Na»,¢4 will vanish. 
It is, however, unnecessary to prove which of 
the coefficients are zero, since the .methods by 
which the coefficients are to be determined will 
automatically assign the value of zero to the 
proper coefficients. 

Often, in practice, two deflection fields are 
used which are rotated 90 degrees about the z axis 
with respect to each other. In this case only one 
set of coefficients Ma»-.4 or Narea need be 
determined, the other set being obtained by 
interchanging a and b as well as ¢ and d, and 
interchanging the field quantities. In order to 
get y; from x;, x, must be replaced by yiu, Xi, 
by yin’, and vice versa. It should be pointed out, 
however, that the numerical values of the corre- 
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sponding coefficients will be different if different 
field functions are used for the two deflection fields. 

The study of the motion of electrons in de- 
flection fields requires a knowledge of the field 
distributions. An electric field may be given in 
terms of a potential distribution g= ¢(x, y, 2), 
while the magnetic field may be described by 
the magnetic vector potential distribution A= 
A(x, y, 2). It will be assumed that those functions 
are known. 

Two essentially different methods are available 
to determine the position coordinates of an 
electron moving in the fields. (Both methods 
have been used to solve the analogous problem 
for focusing fields.) 

If we consider electrons as small charged 
particles moving through electric and magnetic 
force fields, the concepts of electron ballistics can 
be applied. The Newton-Lorentz equations may 
be used as the basic set of equations. This 
method has been used by J. Picht and J. Himpan® 
for two-dimensional electrostatic deflection fields, 
and by G. Wendt® for a single magnetic deflection 
field. It is called the ‘‘path method.’ 

If, on the other hand, waves are associated 
with a moving electron which travels through 
electric or magnetic fields of slowly-varying 
electron optical index of refraction, the wave 
approach to geometric optics can be applied. 
One of the basic concepts is that of the “point 
iconal.’’ The method is based on the properties 
of the iconal function and is, therefore, called 
the “‘iconal method.” 

The common root of both methods is Hamil- 
ton’s principle which states that the electron 
path, 


ws 


x=x(s), y=y(s), 2=2(s), ( 


is such that 
, Pi( zie Mis zi) Je } 
u -f e(x, ¥, 2) 
Po(r0, uo, 20) m 


e 
_ (As) ds = minimum, (6) 





m 
or with 
x’ y’ 

s= i+ j 

[itx?+y?}) [i+x*+y'?]! 

1 

+ -—_—_—__—_k, (7) 
[1 +x’?+y'?}! 
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and 


ds = (1+.x'?+ y’”) ‘dz, (8) 


that the electron path x = x(z), y= y(z) is such that 


w-{ F(x, y, 2, x’, y’)dz 


“i 1f 2e A 
-{ {| ec y, 2] ‘(1+x’2+y’?}! 
20 m 


——(A.a!-+4,y'+A.) |de=minimum, (9) 
m 

where the primes indicate differentiation with 
respect to 2. 

The necessary conditions for the electron path 
Eq. (5) to satisfy Eq. (9) are certain differ- 
ential equations. These equations are the Euler- 
Lagrange differential equations for the electron 
path obtained by carrying out the operations 
indicated by 

(d/dz)(dF/dx’) —dF/dx =0,\ 
(d/dz)(dF/dy’) —dF/dy=0. | 


These equations are equivalent to Newton’s 
equations 


(10) 


°° 


wD (11) 
t? 
with 

r-it+y:-jt+z-k. (12) 


The iconal method utilizes the properties of 
the function W. If x(z) and y(z) are taken as the 
functions describing the actual electron path, and 
if the initial point Po(xo, yo, 20) is kept fixed, W 
becomes a function of the end point P;(x;, y;, 2;). 
The equation W=const. describes a surface 
about Po. This is the wave surface of the electron 
radiation diverging from Pp». Assuming that we 
know the wave surface configuration in the space 
where electric and magnetic fields exist, the 
path of an electron beyond this space (with the 
boundary point P2(x2, ye, 2)) and into field-free 
regions to the point P;(x;, y;, 2;) is then given by’ 
(see Fig. 1) 

Xi =Xot+(1/n;)(OW/dxe)[(xi—X2)? 

+ (yi— Yeo)? +(2;—22)? }, 
Vi=Vot(1/n;)(OW/dy2)[ (xi —x2)* 

+ (vi—ye)? + (2; — 22)? }. 

7V. K. Zworykin, G. A. Morton, E. G. Ramberg, J. 


Hillier, and A. W. Vance, Electron Optics and the Electron 
Microscope (John Wiley and Sons, New York, 1945). 


| 
L (13) 
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Fic. 2. The electrode geometry of a two-dimensional 
electric deflection field. 


The slope of this straight line is that of the 
normal n to the wave surface at the point Ps, 
since n is given by 

1oW 10W 10W 
ae— —§4— -—j}+— —F, 
N; OXe n, OV N; OZ 
(14) 
n,=$;'=[(d@W/dx2)? 


+(dW/dy2)*+(dW /dz2)?}'. 


It would appear that we have to know the 
electron path, i.e., the solution of the problem, 
in order to use the iconal method, since W can 
only be determined if x=x(z) and y=~y(z) are 
known. However, the restrictions on the magni- 
tude of the deflection angle mentioned above, 
together with the property of W as expressed by 
Eq. (9), eliminate the necessity of an exact 
knowledge of the path. 

If the angle of deflection is small, the deflection 
itself must be small in the region where the field 
strengths are of appreciable magnitude. Large 
deflections are obtained by letting the beam 
travel in essentially field-free space before it 
reaches the screen; x(z), y(z), x’(z), y’(s) are, 
therefore, small quantities in regions of appreci- 
able field strength. For their determination by 
means of Eq. (10), methods of successive approx- 
imations can be applied to yield electron paths 
ofincreasing accuracy. After the first-order approx- 
imation*** has been determined, either method 
may be used to find the higher order solutions. 

In Part B, Section 2, the coordinates of the 
electron at the screen will be computed, including 
terms up to n=2 or n=3, which is, in general, 
sufficiently accurate to obtain quantitative infor- 
mation about the deflection, and the spot and 
pattern distortions occurring in common designs 
of cathode-ray and television tubes. 


*** The first-order solution corresponds to the so-called 
“paraxial ray solution” of the focusing systems. 
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B. TWO-DIMENSIONAL ELECTRIC DEFLECTION 
FIELDS 


1. The Field Distribution 


Electric fields which deflect the electron beam 
in cathode-ray and television tubes are ordinarily 
produced by metal electrodes connected to po- 
tential sources. The location of these electrodes 
with respect to the electron beam and _ the 
direction of deflection are shown in Fig. 2. The 
Cartesian system of coordinates is chosen so that 
+z is in the direction of motion of the undeflected 
electrons, and + -y is in the direction of deflection. 
Two assumptions will be made about the shape 
and the potentials of the deflecting electrodes. 
These assumptions will be expressed in terms of 
the potential distribution ¢=¢(x, y,z) of the 
field produced by the deflecting system. 


¢=¢(y,2) 1Le., g is independent of x, (15) 


o(y¥, 2)=o+¢*(y, 2), | 

where | 
— o*(+y, 2) =¢*(—y, 3), | (16) 
so that 


¢(—y, 2) =o—¢*(+y, 3), 


where ¢ is the potential of the last anode of the 
electron gun. 

The first assumption, Eq. (15), means that the 
electrodes producing ¢ are considered to be of 
infinite extent in the x direction, or, in other 
words, that the edge effects of the electrodes of 
finite extent in the x direction are neglected. 
The error introduced by this assumption ordi- 
narily is negligible, since most electrodes are of 
sufficient width in the x direction. It follows 
from the assumption that the equipotential plots, 
as well as the cross section of the electrodes, are 
identical in all planes parallel to the (y, z) plane. 

The second assumption, Eq. (16), restricts the 
validity of the following investigations to so- 
called balanced fields.**** The electrodes are 
located symmetrically with respect to the center 
or (x, z) plane. This center plane is at potential 
@. The potentials of the electrodes are ¢+}A¢ 
and @—}3A¢, respectively; A@ is the potential 
difference between the electrodes. 

The potential function g must satisfy the 


**** The theory of unbalanced deflection fields has also 
been worked out and will be published at a later date. 
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Laplace equation : 

[a o(y, 2)/dy? ]+[e oy, z)/d22]=0. (17) 
Since ¢g*(y, 2) = —¢*(—y, 2), the power series 
expansion of g* in powers of y can have only 
terms of odd power in y. 
o*(y, 2) =ai(2)-v+a;3(z)-yF+--- 

+-Gonsi(z)-y**ti+---. (18) 

Substituting Eq. (18) in Eq. (17), a recurrence 
formula for the coefficients is obtained, in which 
a,(z) remains arbitrary. With 


a,(z) = — (2) (19) 
the following series is derived : 
oly, 3) =¢—E(z)- y+ EF’ (z)y'* 
~ (1/120) EY) (2)y3-+ ++ -(—1)e 
<X(1/(2n+1)! JE” (z)-y?tt+---. (20) 
It is seen that 
deo(y, 3)! 


E(s) = -—-— . (21) 
Oy y=0 





i.c., H(s) is the axial field-strength distribution. 


The electron-optical theory described below 
will be based on the general form of the potential 
distribution Eq. (20). It should be noted that 
edge effects of electrodes in the z direction are 
not excluded, since E(z) is left arbitrary. The 
axial field-strength distribution E(z) determines, 
except for a constant, the equipotential distribu- 
tion of deflection fields satisfying the condition 
expressed by Eq. (15). 

Ordinarily, two fields of the type described by 
Eq. (20) are employed in cathode-ray and tele- 
vision tubes. The electrodes are rotated 90 
degrees with respect to each other about the z 
axis; one field deflects in the y direction, the 
other in the x direction. The two pairs of elec- 
trodes are generally spaced sufficiently far apart 
along the z axis to prevent the distortion of the 
potential distribution of one field by the elec- 
trodes producing the other field. It is assumed 
here that a plane exists midway between the 
two fields where neither field has sufficient 
strength to affect the electrons. A study of 
crossed electric fields reduces, then, to a study 
of two single fields. 


2. Path Method for a Single Two-Dimensional Electric Deflection Field 


Integration of the path differential Eqs. (10) becomes possible if it is assumed that x(z), y(s), 
x’(z), and y’(s) are small quantities. The expressions ¢g' and (1+.x+ yy”)! of Eq. (9) may be written 


in series form 











1E 1 E” 1 E? 1 E* 
¢'(y, 3) =oi(1 —-—y+— —y'-—- —y’ —-— — y*+ - > ), (22) 
2¢@ 12 ¢@ 8 ¢ 16 ¢' 
and 
(1+-x?+y")'=1+3(x2+y") —P(x2+y?)2+-->. (23) 
The expression for W then becomes 
2e \' 1E 1 E E 
m 20 2 @ 8 o 
12” 1s FE? 
+ (— — <> a on -)y}+| ane 3 (x’? +y’*)? — is (x’2 + y’?) r— 
12 @ 16¢' ? 
1 EE” 5 E r (24) 
— ( —_— +— - y | +hieher order terms ;dz, | 
24 ¢ #128 ¢4 | 
or 
2e \' ft 
W= (—s) f | Fo+ Fit Fo+ F3+ Fy+higher order terms}dz, 
m 0 
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if the bracketed expressions are called Fo, F,, F2, Fs, and Fy. The Euler-Lagrange differential equations 


(d dz)[ (0, Ax’)( Fi + F2+ F3+ Fy) ]—0 =0,| 




















(25) 
(d dz)[ (0 dy’) ( Fi + F.+ F3+ F,) | —(d ‘Ay)( F\+ F.+ F3+ Fy) =0, 
yield 
d 1E 1 EF? 
E ~ yx’ — §x’3 — Syn’ — —y'| =(), 
dz 2 o 8 
d 1E 1 Ee 12 tz ts 1E 
E a yy’ a hy’3 — by’2y’ —_ vy | -| foes ee —y _ —y'2 oe _ y ” ( 26) 
dz 2 @ 8 ¢ 2¢@ 4% 46 4 
3 E' ey 1 Ee 1 1 EE” 5 Ee 
ee mapa ml eae xy —— —y"2y + ye — — v] = ” 
16 ¢’ 4 @ 8 ¢ 8 ¢ 6 32 o' 


The restriction that the deflection be small where 
the field strength is of appreciable magnitude 
may be expressed mathematically as 

1E 


yi <1. 
2¢ 


(27) 


Taking Eq. (27) and |x| <1 and | y? <1 into 
account, the approximate solution of Eq. (26) 
may then be obtained in two steps. To the first 
order of approximation, the electron path will 
be given by 


(d/dz)(x’)=0, (d/dz)(y')=—43(E/o). (28) 
The solution of Eq. (28) is 
X,(2) =Xo+Xxo' (2—Zo), \t (29) 


Vq(2) = Yo+ yo (2 —Zo) + Y(z), 


where Xo, Xo’, Yo, and yo’ are the initial conditions 


s 











2 z 
Position just outside Sereen position 
‘of fhe que 


Fic. 3. The geometry of deflection (path method). 


t This solution corresponds to the ‘‘paraxial ray"’ equa- 
tion of the theory of focusing fields. In this theory the 
equation describes a path called the Gaussian path. It 
was for this reason that the subscript g was chosen. 
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of the electron path. Here 


F t 
Y(zs)= —(1 20) f ax f E(u)du, (30) 


is the deflection caused by the electrostatic field. 
If s=2,; is the position coordinate of the screen, 
the deflection, d, at the screen for an electron 
with the initial conditions x9 = yo =Xo' = yo =0 
is given by 


zi t 
d=Y;=YV(zs;)=-(1 20) f asf E(u)du. (31) 


Since /(z) is proportional to the potential differ- 
ence Ad between the electrodes, it can be seen 
from Eq. (31) that d is a linear function of Ag. 
This is a desirable property of a deflection field, 
but an actual field has this property only to the 
extent that it is permissible to neglect the higher 
order terms in Eq. (26). A more accurate solution 
of Eq. (26) will be given which shows the extent 
to which the actual paths deviate from the first- 
order paths. 

The quantities x’, y’, |(3(E/¢)y|, are still 
assumed to be small, but not negligibly so. It 
may be expected that the actual solution of 
Eq. (26) will differ but little from the first-order 
solution Eq. (29). Only a small error will there- 
fore be made if y and x of Eq. (29) are substituted 
in all terms of Eq. (26) which were previously 
neglected. The terms xo, Xo’, Yo, and yo’ would 
then appear in the new solutions for x =x(z) and 
y=y(z). It is, however, more convenient to use 
four other quantities, namely, the coordinates 
and slopes of the undeflected electron at the 


, 
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screen defined by Eq. (1). Replacing xo, yo, xo’, and yo’ in Eq. (29) by Xin, Yiu, Xiu’, and Yin’ 
(using Eqs. (2), (3)), the following equations are obtained for x, and y,: 


X,(2) =XiutXin'(2—2:), \ 
Vo(Z) =Viut Vin’ (3—2:) + Y(z).J (32) 


& 


Substituting Eq. (32) in Eq. (26), the solutions x(z) and v(z) of the resulting differential equations 
are obtained by simple integrations. The terms of this solution may be arranged in powers of x;,,, 
Vius Xiu’y Vin’. If the difference between the new and the former solution is taken and the integrals 
are extended from 2 to 2;, two quantities A?x;, A?y; are derived which describe the deviations at 
the screen of the actual electron path from the first-order path given by Eq. (29). (See Fig. 3.) 
These quantities A?x; and A?y; may be written as 


a a | — / ee ‘ all , - - : 
A Xi = A6010¥ iu + ao1 10V iu Viu + aoo1iX iu Yiu + ao210X iu Vin tau iu Viu Viu + aoo12% iu Via 
> , ‘ ee iD , 
Af i= Boov0 + Boi00¥ iu + Bocoy iu + Bo200¥ iu? +Beo20r iu =+ Booo2Y iu ° + BororVru Viu (33) 
: -. 2 12 =, "a , p , : 
+ Bos00Y iu . + Bor20Xx iu Vin + Bo102Viu¥ iu : + Boo21Xx iu Vin + Bozo1y is Vin + Booosy ia”®. 


Here the notation, similar to that for the expressions x; and y;, Eqs. (4), has been used to describe 
the expansion of the additional deflections A’x; and A’ y;. Since 


X,=x,(2i1) HAPK =X tA? X;, 
yvi=vy,(z:) +A?Py, = Viu + Y;+A"y,. 
Then, to the degree of approximation considered here 


M000 = 1+ aj000, otherwise Ma, b,c, d = Qa, b, c,d 
and 
y Ty . 
Nooo0 = Boooo t+ Y;, N 0100 = 1+ Bo100, otherwise Na, s,c,4™ Baie. 


The coefficients aq, »,¢¢ and Bq,»,c.¢ are certain definite integrals from Z) to z; which can be written 
in various forms. After carrying out the operations mentioned above, some of these coefficients 
contain double integrals which can be changed to single integrals by the use of the formula 


zi 7 zi 
f ac f Flu)du=~ f F(u)(u—2z,)du. (34) 


Some integrands have the second derivative of the axial field distribution E’’(z) as a factor. In 
general, E(z) is known from experiment and £’’(z) can then only be obtained by numerical differ- 
entiation. This leads to inaccuracies which can be avoided by eliminating E’’(z) from all integrands 
employing the method of partial integration. This method and the equations 





1 
Y"’(s) = ——E(z), (35) 
2 
and 
Y;= Y(z,) =(1 24) f (a—2,)E(a)da (36) 


were used to simplify the coefficients a¢,s,-.¢@ and Ba,»,<a which were first derived by J. Picht and 
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J. Himpan*® in a different form. They may be written as follows: 


Boo00 = } Y, y,” 4 


1 
+ E 
12¢° 


1 
Bo100 = } Y 7+ E,Yi+ E 
24 


1 


49 


3 3 ft 1 pe 
2Y;- f FE? VY"(s—2z,)dz— f FE? Y* Y’dz+— i} E" Y3(s—:,)ds 
8d" J 2, 8d* J 2, 6g? SY 2 


3 ai 1 oi ) 
avpioo=3 Vi Y+ f EYdz+ J E?:Y%dz, | 
46 J: 8d? J zo 


0 


1 1 
E¢(z;—0) — Yi'+ 


~ f E*Ydz, 
2¢ 4¢° zo 


] 1 


Eo(2;—20)7+ f E?Y(z—2z,)dz, 
2 4¢* Jz, 


1 1 
aj210> E¢?(z —2Zo)+ 


- f E-dz, 
8¢° 8o° J -, 


1 1 i 
aoi:>= Eo?(t;—20)? + f E?(z—2z,)*dz, 
&¢° 8¢* o 2 


aoe = 


aoo1 = 2 y + 


| 


(37) 


1 1 Z 
Qen1= E?(s;—20)? + | E*(s—3:,)ds; 
4¢° 4¢° J 


1 i 1 
E,Y?7- f EY Y'ds+ f EK? Y(s—2,)dz 
66 oS 2 207 J 


5 zi 5 i 
+ ---— f E* Y?(z—2,)dz-+——_ f E*Y3(z—2,)dz, 
169 J, 3291 J 26 


1 1 


2; 2 pti 
(727 Y7+- J E*(2—2,)dz— | E? Y"(z—2;)dz 
4¢° 2¢7 J 2, 8g? J 2 


3 


1 Zi 7 zi 5 ezi 
+ — i) E” Y?(z—3,)dz —— f FE? Y Y'dz+— | E* Y(z—2,)dz 
2¢° z0 4¢° z0 8° z0 


1 1 pe 
Boooi = 5 Y, yY,’ —_ J E Ydz+ f 
46 Y 24 2¢° #: 


3 zi 
—_— E?VY'(z—2,)dz— 
2¢? J 2 
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15 8 
-— J E* Y*(z—2z,)dz, 
329! oY 2 


3 zi 
E*(s—2z;)*dz ——— f FE? Y-dz 
8¢° 20 


<0 


3 zi 1 zi 
f E? Y"*(z—2,;)*dz+— f E” Y*(z—2;)*dz 
So? J 25 2¢7 Y 2 


5 op 15 


Suomen E* Y(z—2,)*dz+—— 
329! 


&¢3 
z0 
(Equation 38 continued on following page) 





f E*Y?(z—2;,)*dz, 


' 
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1 1 3 


za 1 2% 
Boon = — [ Eo’ (z; — Zn) 4 ( Eo = E,) ] + . E? Y; ins f FE? Y'dz }- f Ek” Y(z z,)dz 
4o 4¢° Ro? J. 24? J, 


5 me 15 


| 
einemias E3(z—2,)dz+ f B:ve-s0ds, 
16¢? J, 3294 J 20 | 





1 2 
Bovr0 _ Y,; + f | Y(z —_ s,)dz, 
So 0 


| 
1 1 9 sc Q Zi | 
/ ) Boooe = a Eo’ (z;- Zo)* — Eo(z ;— 209)? -—— 5 f FE? Y(z—2z,)dz f EF Y’(z—2,)*dz [ (38) 





4 4 8¢’ 8¢’ 


+f E” Y(2—2;)*dz +f E*(z ~s)ide+— f E*Y(z—2;,)*dz, 
16¢* 
1 


1 
Boi01 = Y/+ Eo’ (2;—20)?+ Eo(s;— 20) — —f FE var—— FE Y’(z—3; \dz 
2 2 2 J. 


1 f 5 z 15 zi 
és f E' Y(2—s,)°%dz+— f BYe—s)tds+— f E*Y(z—2,)%dz, 
¢ J. 8 i 


20 gv: 69+ 


1 1 1 ft 5 fe | 
Bos00= ———EoEp (2; — 20) +— (Ee Es) +— f E'%(—s,)ds+— f E*(z—2,)dz, | 
6¢° 12¢° 69? o 2 3291 Y 2 


1 ft 
Boi20 = — { F?(z—2z;)dz, 
84? J 29 


1 1 9 24 
Bo102= ——E,?(2;—20)*— Ev Eo (2;—20)* — wee i) E?(z—2,)dz 
2¢° 2@ 8¢° 





| 
- 
+— fo BGe—s)'de+ = [B50 

2¢* 70 32 


Bove a“ = =f FE a oe 2;)*dz, 


1 3 zi 
peau E? (2; — 30) +—EoEo' (2, — 20)? —— J E*dz 


8¢* 2¢° 8¢? 
15 zi | 
— fe zi)'de+—— [ E*(2—2;)*dz, | 
ve 3294 J 2 


5 1 3 eo 
B00; = — E¢?(2;— 20)? ++—Eo (si 20)*-— f E?(z—2,)*dz 
24¢° 6¢° 4¢° /:, 
1 





zi 5 zi 
+— f E”(z—2z,)*dz+— J E‘(z—2,) ‘dz. | 
6¢7 z0 3294 z0 
age 
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Fic. 4. The geometry of deflec- 
tion (iconal method). 











3. Iconal Method for a Single Electrostatic Deflection Field 


Essentially the same coefficients can also be obtained by the use of the iconal method, as will now 
be shown. The point iconal function will be written in the form 


2e\! *? 1E 1 E E 
W= (+) f | (1 1+ ~ —y+yoet+y') 4 —— —y?—} (x2 + y"?)? — 3 (x2 +y")y- 








m 2¢ 8 ¢? o 
1 EF” 1 E* E> 1 EE” 5 FE 
+— - v|+| a ae ~y3 — Js (x? +y"?)y +— - yi- nt y'| | (39) 
12 @ 16 ¢* ¢ 24 ¢ 128 ¢' F 


| 
+higher order terms fds, | 


or 


W = W.+ W2+ W,+ W,+higher order terms. 


If Po(xo, Yo, Zo) remains fixed, W=const. is the wave surface of electron radiation diverging from 
Po(xo, Yo, 20) and passing through the point P2(x2, yo, z2). It is assumed that the space between the 
plane of the screen and the plane through 22 parallel to the screen plane is field-free.tt (See Fig. 4.) 
The coordinates x; and y;" of the electron path at the screen will then be given to the first degree 
approximation by 


xi =xo+[(2:—22)/6:) J[OW2/dx- |, 
yi) = yot+[ (2;—22), ¢:' |[aW, dy |. 


Equation (40) is derived from Eq. (13) by admitting only first-order terms. The expression W. 
has been determined by using the electron path equation in the form 


(40) 


Xg(z) =Xo[_ (22 —2) (22—20) |+xe[ (z —20) (Z2—2o) |, 41) 
( 
¥e(2) = YoL (Z2—2) /(S2—20) | +yel (2 — 30) /(22—20) ]— Y2[(s —20) /(g2—20) J+ Y(s), 


1 : f 
Y(z) = — f ac f E(u)du. (42) 
2¢ z0 20 


The wave surface through the point P2(x2, ys, 2), to a first approximation, is given by Wo+W,2 
=const. More accurately, this surface will be given by Wo+W2+W,+ W,=const. A new solution 


with 


tt This assumption can be discarded by an argument similar to that presented for focusing fields in the book by 
Zworykin, reference 7, p. 563. 
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for the coordinates of the electron path at the screen may be obtained in the form 








Zi—22 OW 1x —xe\? 
x, =NXot+ — |14+-(——) 4. 
2i— Ze 


go; Axe 





o.— Fo 
“1 #2 


2,—-220Way Ls/xi—xe\? 1fyM—ye\?] 21-22 0(Wit+ W,) | 
yi? = ¥e-4-—— — 1+ ( =") + ( — ) — es 
;) | 2 7 


OY 





’ 


1 yi —YVe2 24 245 Ze O(Wat+ W,) 7) 
¢;3 OX 





2 


2;— 20 


(43) 








2 


a 2 
i “2 





oi! OY. 


a 


The differences between the new and the former values of the coordinates are 


Aly, =x, —x, =—_— 





gi} OX2 


2:—220(Wi+W,) 2,.—21 xi —xe\? 1/9i —ye\?]0W2 
ara eta eee 








ad ; 1) 482 ee CE) 
y= —yi' = -_ 


¢:! OV 


Carrying out the indicated differentiations, the 
additional deflections A/x; and A’y; may be com- 
pared with the values A’x; and A’ y; of the path 
method. The result of such a comparison is 
expressed by the following relations: 


Alx; =A? x;—([(2i—20) / (2 —20) JAP Xo, 
(45) 
A’ ys = APy, = [ (3; — Zo) /(Z2— Zo) JA? yo. 


Both methods give essentially the same result 
if the plane through z2 terminates the deflection 
field where the deflection itself is still very small ; 
then A’x, and A? y2 will be small compared with 
A’x; and A’ y,, respectively. 

The small difference between the results ob- 
tained by the two methods arises mainly from 
the fact that the path method corrects the first- 
order approximation path through the whole 
region from 2 to z;, while the iconal method 
corrects essentially only for the difference in 
slope at Ze, i.e., at the end of the field. 


4. Some Remarks Concerning Applications 


There are three problems which can be solved 
with the aid of the theory here presented. These 
are: (1) the determination of the ‘‘deflection”’ of 
the electron beam by any electric deflection 
system when the dimensions of the deflecting 
electrodes and their potentials are known; (2) 
the computation of the defocusing effects by a 
deflection system; and (3) the determination of 
deflection fields having less defocusing and dis- 
tortion effects than those in common use. 
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) 
a ie | 
o;! 2 25-22 2 Zi —22 OX 
(44) 
OW. 
o4 L2\ 2:2 2\ s:—s: J Jays 





The solution of the deflection problem requires 
a knowledge of the axial field-strength distribu- 
tion E(z). If the electrode shapes and potentials 
are known, E(z) may, in some cases, be deter- 
mined mathematically. In general, however, an 
experimental method must be used. The deflec- 
tion may then be computed by means of Eq. (31). 
The problem of computing the defocusing and 
distortion effects requires a knowledge of E(z), 
F’(z), Y(z), and Y’(z). The defects of the deflec- 
tion system are described by Eq. (33), the 
coefficients a@a,»,c.@ and Ba,»,-a of Eqs. (37) and 
(38), ordinarily being determined by means of a 
planimeter. The coordinate 29 is chosen to be 
outside the deflection field ; a, », <q and Ba, », ca are 
determined for any given screen position 2; and 
any given potentials @ and A@. Since E(z) is 
proportional to A@, the various terms in the 
coefficients may be arranged in powers of A¢/¢. 
Terms other than the lowest in each coefficient 
may ordinarily be neglected, reducing the amount 
of work involved in making computations. In 
order to compute the spot distortion, Xj, Viu, 
and xj’, Vix’ are chosen to be the coordinates 
and slopes, respectively, of an electron in the 
undeflected beam. It should be noted that if the 
electron beam is considered to be a rectilinear 
flow of electrons with sharp boundaries, either 
cylindrically or conically shaped, the computa- 
tions need only be applied to a number of 
electrons on the circumference of the beam. 

Equation (33) can also be used to determine 
pattern distortion. It has been pointed out that 
crossed electrostatic fields, necessary to obtain a 
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™ ~~ CONDUCTORS 


Fic. 5. Conductors and pole pieces producing a magnetic 
deflection field. 


pattern, are arranged successively along the 
optical axis of the tube; it is assumed that a 
field-free plane exists between the two deflecting 
fields. The effects of both fields can then be 
superimposed linearly upon each other. An elec- 
tron moving along the axis of the focusing system 
is deflected first by the vertical deflection system 
by the amount Y(z,;)+A”y; in the y direction, 
and zero in the x direction. Shortly after passing 
the vertical deflection field it passes through the 
horizontal deflection field, the effect of which is 
computed by replacing x by y, and y by x in all 
equations written so far. The horizontal deflec- 
tion will be 


1 t 
x;=- f asf E,(u)du, 
2@ 20 zo 


where £,(z) symbolizes the axial field-strength 
distribution of the horizontal deflection field. 
The quantities A”y; and A?’x; determine the 
additional deflections when x and y are inter- 
changed in Eq. (33). The “initial conditions” 
Xiuy Viuy Xiv', Yiu are given by 

Xu=0, yu=Vi, xi’ =0, yu = Y,’. 


Spot and pattern distortions were computed for 
a number of deflection systems and will be 
presented in Part II. 

Thethird problem, namely, that of determining 
deflection fields having smaller defocusing and 
distortion effects than those ordinarily encoun- 
tered, means, mathematically, to find a function 
E(z) such that Y; has a prescribed value and 
-vields coefficients ao, », ¢.¢ and Ba, », ¢.¢ smaller than 
those of known systems for the same value of Yj. 
Various auxiliary conditions may be imposed 
such as those of constant electrode-to-screen 
distance, ‘‘reasonable’”’ physical size of deflecting 
electrodes, etc. Solutions of these problems by 
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mathematical procedures such as those used in 
the calculus of variations appear extremely diffi- 
cult. It is more likely that trial and error meth- 
ods, guided by the theory as expressed by Eqs. 
(31), (33), (37), and (38), will lead to improved 
deflection fields. 


C. MAGNETIC DEFLECTION FIELDS 
1. The Field Distribution 


Magnetic deflection fields of cathode-ray and 
television tubes are produced by a pair of iron 
or air-cored electromagnets placed in ‘‘ear-muff” 
position on the outside of the tube. This is 
illustrated in Fig. 5 by a single deflection field. 
In order to obtain a pattern on the screen of the 
tube, two such fields are needed, rotated 90 
degrees about the optical axis with respect to 
each other. Ordinarily these two fields exist.over 
the same interval along the axis. Electrostatic 
deflection fields were arranged one after the 
other along the axis. This difference between the 
arrangements necessitates a difference in theo- 
retical treatment. The effects of the crossed 
magnetic fields can only be described by treating 
them as a single field obtained by superposition 
of the two fields, since both magnetic fields act 
simultaneously on the electron beam. 

Series expressions for magnetic field distribu- 
tions will now be derived in a manner similar to 
that used for electrostatic fields. Fields of the 
type pictured in Fig. 5 show a certain kind of 
symmetry. Again using Cartesian coordinates 
x, y, and zs, with +2 in the direction of the 
original motion of the electrons, and with y and 
x in the direction of vertical and horizontal 
deflections, respectively, a mirror-type sym- 
metry of the fields exists with respect to the 
(x,z) and (y;2z) planes. The lines of force are 
mirror-symmetrical with respect to these planes. 
This condition may be expressed mathematically 
for the two fields by the following two sets of 
equations. 

(1) Horizontal deflection field : 


H,'(x, y, 2) = —H,"(—x, y, 2) 

= —H],'(x, —y, 2), 
H,)(x, y, 2) = +H,*(—x, y, 2) 

=+H,)(x, —y, 2), 
H,)(x, y, 2) = +H,*(—x, y, 2) 

= —H,'(x, —y, 2). 


> (46) 
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(2) Vertical deflection field : components of the magnetic field-strength vec- 


; tors H’ and H’, respectively. 
H,"(x, y, 3) = +H,"(—x, y, 2) sheet. : 


= +H,*(x, —y, 2),| In current-free regions the relations 
H,"(x, ¥, 2) = —Hy"(—x, y, 2) (47) divA=0, VA=0 (48) 
= —H,"(x, —y, 3), : ’ 
IT,"(x, y, 3) = —H,"(—X, y, 3) must hold for the magnetic vector potential A, 
ati ae which is related to the magnetic field strength 
= +H,"(x, —y, 2), 
H by 
where //,', H,', H,*, and H,’, H,’, H," are the H=curlA. (49) 


The functions describing the components of the magnetic field strength may be expanded in 
power series of powers in x and y in which the coefficients are functions of z. Hence for the vertical 
deflection field one may write 


HM," =quxy+qisxy + gary +qssxry + °--, 


H," = poot Prox? + pory? + Prax? y? + paox' + posy' + Pasriy' + Paax?y* + paoxty’ + + + - ] 
| (50) 


H, =Piov os rioxy" a r30x°y" + riaxy'* + P34x*y'! + Pr 30X° + alates 


The procedure for the horizontal deflection field is the same. 

In Eq. (50) use was made of the symmetry relations expressed by Eq. (47). The series for the 
components of the magnetic vector potential must then be (to give a relation expressed by (49)) of 
the form 


A,” =auxytdgix*y+aigxy®+d33°y? +aisxy® +: -, 
Ay" = boo + box? + boxy? + boex*y? + baoxt + dosy* +baax*y' + + **, (51) 
A,’= CoV Hoax? y + Co3y® + C4ixty + C23x*y? +Co5y? + Ca3xty*® + Copy? + ths 

The relations between the two sets of coefficients (pas, as, Tas) aNd (dag, Das, Cas) may be found 
by the use of Eq. (49). Two more sets of relations between the coefficients of the set (das, Das, Cas) 
may be found by use of the Eq. (48). 

Redefining these coefficients Poo, Pox, and pox by 


po=- Vo(z), Po=— V2(z), Pu=- V4(z), (52) 


the following series for the components //,", H,", and H,” are obtained: 


IT,” = — Vot+(Vot3 Vo")x?— Voy? —[ Vat § Vo" + (1/24) Vet Jt 
+(6V i+} V2")xty?— Vay'+e >, 

(53) 
Hy = —2Vexy—4 Very? + (4V 444 V2) xtvt--:, | 
HT,” = Vo'x- V2' xy? + ( } V.'+ 3 Vo’) x? + ee } 


The series for the components of the horizontal deflection field may be obtained by interchanging 
x and y in Eq. (53) and replacing Vp by —Ho, V2 by —H2, and V4 by — Hy. This yields 
H, = 2Hoxy+4H y*y — (444+ $2" )xy*+---, | 
H,) = Ho— (H2+ 3H") y*+ Hox? + [H+ ge” + (1/24) Ho"? ly! (54) 
~ (6H i+}3H2")xty?+ Hutte] 
Hh =H! y+He'xty — (4H +3!" )+ | 
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The field strength of the combined fields is then given by 


H,= — Vot(V2t3 Vo"')x?+2Hexy — Voy? —[ Vat) Vo" + (1/24) Vol Jxt+4Haxty ) 
+ (6V 443 V2") x*y? — (4444+ 42") xy® — Vay't+---, | 

H, = Ho + Hex*® — 2 Vexy — (H2.+ 43H") y? + Haxtt+ (4V 444 V2") x8y (55) 

— (641,4+3H 2") x*y? —4 Vey? + (gt be” + (1/24) TT" Jy + ---, | 
H,= — Vo xt+I]o'y — V2 xy? + He x?yt+ (9 V2’ +§ V0") x®§ — (4 He’ + § Ho’) y+: -. 
The functions — Ip and +/J/) are the axial field-strength distributions of the vertical and horizontal 
field strengths, respectively. 

2. Theory of Magnetic Deflection 


Either the path method or the iconal method may be used to describe the deflection and deflection 
defocusing effects of magnetic fields. Only the path method will be presented here; both methods 
give substantially the same result. 

The equations of motion of an electron through any magnetic field are 

Vo(d/dz)[x’/ (1+x"%+y")!J=nl-—y'H.+H,], 
(56) 
Vo(d/dz)[y’ (1+x"+y”")!] =n[x’H,—H, ], 


where ¢ is the potential of the space in which the electrons are moving and 7=(e/2m)', where e and 
m are charge and mass, respectively, of the electron. Equations (56) may be obtained either from 


Pi 
sf }[2(e/m)¢ }'—e/m(A-s)}ds =0, (57) 
Po 
with H=curlA, or from Newton’s equations of motion, written 
d*r 
m—=-—el[vXH], with r=xi+yj+ck. (58) 
dt* 
If the magnetic field is that given by Eqs. (55), the Eqs. (56) become 
(d/dz)(x’ — }x"* — 3x’ y’"?] = (n// 0) Vo'y'x — Hoy’ y+ Hot Hox? — 2 Voxy— (H2+ 3Ho")y* |, 
(59) 


(d/dz)[ y’ — hy" —43y'x" ] = (n/ Vo) — Vo'x’xt+ Ho's’ y+ Vo— (Vetd Vo") x? —2Hexyt+ Vey" ], 


where only terms of zero, first and second order of x, x’, y, and y’ are considered. To a first approxi- 
mation, the equations of motion are 


x" =(n/V oll, vy’ =(n/ Vo) Vo. (60) 


The solution of these equations is 


Xy(z) =Xo+X0 (Z—Z0)+X(z), v,() =VYot Vo (3—Z0) + Y(z), (61)TTt 


n z f n : t 
X (s) =— f ax f H,(u)du, Y(z)= f ax f Vo(u)du. (62) 
Vv v1) 20 20 Vo z0 20 


The quantities X¥ = X(z) and Y= Y(z) at z=2; (the screen position) are the deflections at the screen. 


where 








ttt This solution corresponds to the paraxial ray equation of the theory of focusing fields. 
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The deflections in the two directions x and y are independent of each other in this first-order approxi- 
mation. 


It was assumed that the quadratic terms in Eq. (59) were negligibly small. They are still assumed 
to be small, but will now be taken into account. Following the procedure used for electric deflection 
fields, x, x’, y, and y’ of Eq. (59) will be replaced by x,, x,’, yz, and y,’ of Eq. (61). This yields 


(d/dz)[x’ — 3x 9'8 — 3x9'yq? ] = (n/ Vo) | Vo' Lye’ + Y’ JLx0t+x0 (2-20) +X] 
— TTo'[ yo + Y’ lvoe tye’ (s —20) + VY] + Hot Hel xc? +2x0'2(2 — 20?) +X2+ xoxo’ (s — Zo) 
+ 2xoX + 2x9’ (2—Z0)X ]—2 Vel xovo+ xo’ yo(s—2Z0) +yoX +XoVvo (s— Zo) 
+x’ yo’ (z —20)? + yo’ (2 — 0) X +xo V¥4+x0' (2-20) V+ XV] | 
— (H2+3H0"’) yo? +yo0'?(z— 20)? + VY? + 2yoyo (2 — 20) +2¥0¥+2y0' (2 —20) YJ}, | 
(d dz)[y’ —4y,'3—3y,'xq"? ] = (n/ Vo) | — Vo' [xo +X’ lLxo+x0' (s—20) +X | 
+ Ho'[ x0’ +X" ]Lyot+yo (2-20) + Y J+ Vo—(V2t3 Vo") [x02 +x 0'2(2 — 20)? +X? 
+ 2xoxo' (2 — 20) + 2xoX + 2x0 (2 —20)X | —2He[_xoyo+xo' yo(sz—Z0) +yoX 


(63) 





+xo¥o (Z—Z0) +X0 Vo (3 — 20)? +0 (3 — 20) X +X VY +X (2—20) Y+X Y] 
+] "ol yo? +yo7(z —2)?+ Y?+ 2yove (2 —Z0)+ 2V0 Y+ 2yo' (z — Zo) Y | f 


The initial conditions x9, xo’, Yo, and yo’ may be replaced by Xin, Xiu’, Yiu, and yi,’ of the undeflected 
electron. The relation between these quantities is 


Xo = Niu +X iu’ (Z0—2:), Vo=Viu + Viu' (Zo—3i), Xo =NXin', Yo = Vine (64) 


The solution of the differential equations, Eqs. (63) can be obtained by simple integrations. If the 
differences A“ x; and A” y; between the new solution and that given by Eqs. (61) are taken, one obtains 


i e <i o / », 2 
A“x;= Y 0000+ Y 1000% in + Yo100¥ iu + ¥ 0010% iu + 0001 iu + Y¥2000% iu , 
- q . 49 - / / - / 
+ Y1100% iu iu + Yo0200Y¥ me + Y0020¥ iu ~ + Yo0011% iu Viu + Y0110% iu > iu 


, o>, we, , "9 
+ Y1001% iuV iu +7 1010% iuX iu + 01019 iu iu + Y0002¥ iu ‘, 


, (65) 
A My, = bo000 + 81000% iu + 5o100¥ iu+5o010% iu’ +5000 iw + b2000% in” 


. > — , . ¥ 
+6; 100% iuViu + 502009 in? + 5 o020% iu ~ + d0o01 1X iu Viu +401 10% iu Viu 





» , A ae , te 
+ 41001% iu) iu +1010% WX tu + 601019 ind iu + 60002¥ °, 


The coefficients Ya,»,¢,a and 5a,o,c,a in Eq. (65) are 


vomo=3 f Xds+4 f X'Y%ds— Cm \ 6) f VX VW(e-s)ds 


7 


+(n/¥ 6) f ¥¥'10(s—s)ds—( \ ¢) [ 1X*(e—2)ds 
io 6) f Vetts(s—s)ds+ (2 , 6) [XV Vae—s)ds+ 40 ' 6) f vetts"(s—s)ds, 


Y1000= —(2n/% 6) [ XH.(e—s)ds+2n V6) f VVale—s)ds—( Vo) f ¥'Vo'e—zdds, 


(Equation 66 continued on following page) 
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Youo= (1 6) f VM (s—s)ds+ 2n \ 6) f XVale—sds 


+(2n y 6) f Vitss—s)ds+(y \ of VI1,''(s—2;)dz, 


vyoow=3 [ X"ds+4 [ ¥%ds~( . 6) f v'Ve'e—sids 


vom = f X'¥'ds— (n, \ 6) fx 


+(n/+ 6) f vin'e- 
Y200= —- (1 6) f HG —s,)dz 


Yi100 = (2n \ of V2(s—2,)dz, 


Y 0200 > (n Vv 6) f Hale =e z;)dz+ 


Yonu>= (2n Vv of V2(z — 3;)*dz, 


—(2n y 6) f XHa(2—s,)'de+ (Qn \ 6) f VVse—2)ide, 


Vo' (2 —2,)dz 


sidz+(n vy 6) Y'IT,'(2—2;)*dz+(2n, y 6) { XVx(o—20%ds 


+(2n/y 6) { Vit(o—2)%ds+( Vo) f vie"(e—2)%de, (66) 


’ 


3(n/ x 6) f He" e—s)ds, 


voou=3 f X'ds—(n \ 6) f He 
voou= f ¥'de+(2n \ @) f ve 


z—z,)*dz, 


z—z;)*dz—(n/\ 6) [ Vole—e)de, 


Yi01= —(n V6) [ Vo'e—sds+(2n \ 6) f Vie—2)"de, 


Yicie™= — (2n, Vv 6) | Hale—s)ds, 


Yo101=(n/x 6) fH! e—s)ds+ (2n Vv 6) f Hale—s)%de+ ( V6) f He" e—2)%ds, 


voor =3 f X'ds+(n vo) f He 


756 


| 
(z—2;)*dz+(n, V6) f Hale—2)*d2+H(n V6) f Hi" e—2)%e; 
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. 
Sov00 = sf Y"*dz + 5 fx Y'dz 


+(n/ 6) [ XX'Vi(e—s)de~ V6) [ X'YHs'(e—s)de 
b(n y 6) f XV zi dz+4(n/\y 6) f XVu"(e—z)de 
+(2n/x 6) {x Y113(z—2;)dz—(n V6) J YeVale—2)de, 
51000 = (2n/y 6) { XVae—s)de+(n \ 6) { XV"(e—2)ds 
+(2n/% 6) f vHas—2)ds+(n Vo) f X’Vo"e—sds, 
do1oo= —(n/y 6) f X'Hé(e—2)ds+ On \ 6) f xtta(s—s)ds—2n, \ 6) f VVsle—z)ds, 
brow f X'V'de+(y \ 6) [XVie—s)ds+(y V6) f X'Va'(e—s0)%ds 
—(n/y 6) YH (e—2)de+ (Qn V6) f XVe—s)ds 
+(n/ 6) { XV¥"(e—s)%ds+ n/ V0) f YHae—2 ae, 
buon =i f Vds+3 f X'de—(n \ 6) f XM (e—s,)rds 
+(2n/y 6) f Xtt-(2—2,)%d2—(2n \ @) [ YVete—2)ae, 
doo00 = (0/4 6) f Vale—sds+ 4 \ 6) f Voe—sdds, 


51100 = (20/4 6) f Hale—sas, 





do200 = —(n/ 6) f Vale—side, | 


inow= 3 f Vids+(n % 6) f Vee *dz+(n \ 6) f Vole—stds+4(n \ 6) f Vo'(e—sids, 


(Equation 67 continued on following page) 


| 
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inonr= f X’de—(n \ 6) f Heé(e—2))'ds+(2y \ 6) f Hte—2 Pde, 


doriwwo= — (n'y “| Hy'(z—2,)dz+(2n y 6) { Hac z;)*dz, 


di001 = (2n \ | I1s(z- z;)*dz, 


dio10= (0/4 6) | Vo'(2—2,)dz+(2n, y 6) f Vale—2)'ds+ (0 \ 6) { Va"(e—2)%ds, 


do101= — Qn/Vo) [ Vole—2)des, 


inoor= 3 f V'ds—(n \ 6) f Vale—s)¥ds, 


The path method was applied by G. Wendt® 
to obtain expressions A“ x; and A” y; for a single 
magnetic field. His equations may be obtained 
from Eqs. (65)—(67) by letting either Ho, Ho, 
and Hy, or Vo, Ve, and V4 be identically equal 
to zero. 

The two crossed magnetic deflection fields of 
actual cathode-ray tubes are ordinarily super- 
imposed. The simultaneous deflecting action 
finds its expression in the existence of cross- 
terms with integrals of the type 


fxr, fx Vo(2—2')dz, 


| Yi1.(2—2;)dz ete. 


3. Some Remarks Concerning Applications 


The solution of the deflection problem requires 
a knowledge of the axial field-strength distribu- 
tions Vo(z) and H(z). Experimental methods 
are ordinarily the only means to determine these 
functions. It is rarely possible to compute them 
from the shapes of current conductors or pole 
pieces. The axial field strengths V» and Hy could 
be measured by means of a number of methods 
described in the literature.’ 

In order to compute the distortion and de- 
focusing effects, two other functions are required, 
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namely V2(z) and J/.(z). From Eq. (55) it can 
be seen that 


(11, dy") z=0 = —2V.(z). 


y=0 


A similar equation holds for H.2(z) : 


(0777, / 0x") | --0 = 2H12(z). 


y= 


These relations provide the means to determine 
V. and H, experimentally. H, is measured in the 
y, 2 plane at z for a number of values of y in the 
neighborhood of y =0. It is then possible to deter- 
mine for each z the quantity (0°H/,/dy") | zo, y=-0 
and hence V.(z). A similar procedure for H, will 
give H,.(z). The measurements are made for 
each field alone. 

The coefficients may be determined for any 
screen position coordinate z;. Pattern and spot 
distortions are computed in a manner similar to 
that described for electrostatic fields. 

Comparing the two sets of coefficients, a 
remark made above can now be verified easily. 
The set of coefficients Ya, »,<.a goes over into the 
set 55,a.a,c if Ho is replaced by Vo, Hz: by V2 and 
Xin by yuu, and xix’ by yi’. If the functional 
dependency of the field-strength functions Ho, H. 
is the same as those of Vo, V2, corresponding 
coefficients will also be alike numerically and 
only one set of coefficients need be calculated. 
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Electrostatic Dischargers for Aircraft 


WayNE C. HALL 
Naval Research Laboratory, Washington, D. C. 


(Received February 27, 1947) 


Methods of discharging static electricity from aircraft in flight so as to reduce or eliminate 
corona interference, commonly known as precipitation static, are discussed. These methods 
have been classified into those employing either gaseous ions (high mobility), or those em- 
ploying charge carriers such as water spray or dust particles (low mobility). Devices within 
the first classification offer the better solution to the problem from a practical standpoint. A 
discharger invented and developed at the Naval Research Laboratory is described. 


INTRODUCTION 


IRCRAFT flying in stormy weather, at a 

time when radio communication becomes 
particularly important, often encounter a severe 
form of radio interference sufficient to prevent all 
reception.'! The interference, which is commonly 
known as “precipitation static,”’ results when the 
aircraft, acting as an isolated conductor, becomes 
electrically charged. When the charging is caused 
by rain, snow, ice particles, or dust, that is, by 
friction with atmospheric particles, it is found? 
that the charging is roughly proportional to the 
cube of the air speed and to the frontal area of 
the aircraft. Consequently, this effect may be 
expected to increase on the larger, higher speed 
aircraft of the future. 

The reason for precipitation static may be 
seen from the following. Charging the aircraft 
results in generating a potential gradient between 
the aircraft and its surroundings sufficiently large 
to cause a corona discharge. Corona discharges 
on aircraft are also caused by electrical fields 
existing around the aircraft in the vicinity of 
highly charged clouds. The corona will occur 
from the regions of high electrical field sur- 
rounding sharp projections on the plane, such as 
the antennae, antenna masts, and _ propellers. 
Ordinarily, a corona discharge creates steep wave 
front impulses which will induce transient 
voltages of considerable magnitude in the an- 
tenna circuit of a radio receiver nearby. This 
results because the usual corona discharge occurs 
in the form of bursts which are cut off in a quasi- 

'H. M. Hucke, Proc. I.R.E. 27, 301-316 (May, 1939) ; 
R. Gunn, W. C. Hall, and G. D. Kinzer, tbid. 34, 156-161 
(April, 1946). 


2R. G. Stimmel, E. H. Rogers, F. E. Waterfall, and R. 
Gunn, Proc. I.R.E. 34, 167-177 (April, 1946). 
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periodic fashion by accumulations of space 
charge about the discharge point. In exceptional 
cases, as from a very sharp point, non-pulsating 
corona currents causing no radio interference 
may be observed; however, the equilibrium which 
permits this type of discharge is unstable and is 
quickly destroyed by any effect which dulls the 
point. If the point of discharge is on the antenna 
itself, a corona current as small as one micro- 
ampere may cause severe static.* 

The radio interference resulting from corona 
can occasionally be removed by noise suppressor 
circuits. Usually, however, the interference 
created is continuous and covers so broad a fre- 
quency range that noise reduction circuits have 
little or no beneficial effects. In general, pre- 
cipitation static—that is, radio interference 
induced by corona, is best prevented by removing 
the cause: that is, by preventing the formation 
of corona on the aircraft. 

An interfering corona will be prevented or 
reduced only if the electrical charge is drained 
off from the aircraft so rapidly that a potential 
gradient sufficient to cause corona does not 
develop. Evidently, any modification of the 
aircraft which will raise the minimum potential 
gradient required to cause corona will be very 
beneficial. It can be accomplished by the use of 
electrostatic shielding, or by dielectric treat- 
ment, which will tend to prevent corona dis- 
charge from the antenna or the aircraft itself. 
Discussion of such treatments, however, is 
beyond the scope of this article, which is limited 
to the description of discharge devices capable 
of removing electrostatic charge from the aircraft. 


3G. D. Kinzer, and J. W. McGee, Proc. I.R.E, 34, 234- 
240 (April, 1946). 
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Fic. 1. Laboratory set-up to obtain 
discharger characteristics. 


Electrostatic dischargers have the function of 
removing electric charge from the aircraft at a 
rate which substantially equals the rate of ac- 
cumulation, and/or permitting the passage of 
electrical current to or from the aircraft when it 
is in the vicinity of charged clouds. Such dis- 
chargers may be classified into those using ions 
of high mobility (mobilities of 1.2 centimeters/ 
second per volt/centimeter, or greater) and those 
using charge carriers, such as water particles or 
dust particles (mobilities varying from 0.002 to 
0.01 centimeter/second per volt/centimeter). In 
the first classification are those dischargers in- 
volving the use of discharge wires or discharge 
points, while in the second classification are those 
involving the use of water spray or dust particles 
charged by induction or triboelectric processes. 


GASEOUS-ION DISCHARGERS 


Consider, first, the static dischargers which 
involve the highly mobile gaseous ions and elec- 
trons. Steps involved in operating these dis- 
chargers are: (1) the production of ions, and (2) 
the subsequent removal of ions with one sign 
only from the charged aircraft by the surrounding 
electric field. The discharge current resulting will 
remove charge of the same sign as that on the 
aircraft, and will be limited primarily by the 
space charge that forms about the discharge 
points. An example of a discharger in this class 
is the so-called trailing wire discharger, which 
consists of a five-foot strand of small wire ex- 
tending in flight from the tail of the aircraft. 
This discharger has had some use and does help. 
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Another example of this class of discharger is one 
using needle points located on the extremities of 
the the propellers. In these 
examples, the electric field causing separation of 
charge is fixed largely by the potential of the 
aircraft, a factor which may not be increased 
greatly without causing interfering corona on the 
aircraft. Hence, in an investigation of possible 
increased output for this class of dischargers, it 
is sufficient to consider only whether the dis- 
charger will benefit from more profuse generation 
of ions, and whether the number of dischargers 
to be used may be increased with beneficial 
effects. 

For a laboratory study of the static discharger, 
an experimental arrangement was constructed 
consisting of two parallel plates, between which 
a d.c. potential difference of up to 60,000 volts 
could be established. The discharger under inves- 
tigation was attached to one of these plates. 
Nearby, a short antenna attached to an aircraft 
type receiver was arranged so as to pick up the 
radiated interference created by the discharger; 
then simultaneous measurements of the potential 
difference between the plates, current from the 
discharger, and radio noise picked up by the 
antenna were taken. All measurements 
were made in terms of the equivalent signal 
required from a signal generator coupled to the 


aircraft, or on 


noise 


TaBLeE I. Characteristics of sharp point dischargers. 














Discharge : ; 
Distance D é (micro- Radio noise 
Type of discharger to plate Voltage § amperes) at 300 ke 
Needle point* 40 em +30,000 4 Less than 3 uv 
(sharp and clean) +45,000 il Less than 3 pv * 
+60,000 23 Less than 3 uv 
—30,000 —5 Less than 3 pv 
— 45,000 —14 Less than 3 pv 
— 60,000 —26 Less than 3 uv 
Needle point 2.5 em — 45,000 —350 160 pv 
(sharp and clean) — 57,000 —520 —_— above 
this 
+ 15,000 30 16 wv 
+19,000 80 ~400 uv— 
Sparkover 
above this 
Two needle points 40 cm +45,000 20 Less than 3 wv 
(40 cm separation +60,000 38 Less than 3 wv 
parallel to plate) — 45,000 —25 Less than 3 pv 
— 60,000 —45 Less than 3 pv 
Blunt point with 18 em — 40,000 —33 Less than 3 pv 
superimposed r-f arc — 60,000 —68 ~4 pv 
r-f —8.0 Me +40,000 27 <3 uv 
Generator—50 watts** + 60,000 60 ~6 pv 
Metallicized wick*** 18 em +60,000 68 <3 pv 
—60,000 —74 <3 pv 





* Using blunt points, it was observed that discharge currents were reduced and 
noise sii up to 400 uv were obtained. 

** Estimated r-f dissipation in are =5 to 10 watts. 

*** See Table 3. Presented here for comparison purposes. 
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receiver through a 100-micromicrofarad con- 
denser to cause a receiver output, as measured by 
an averaging meter, equal to that from the noise 
signal. Measurements were taken at two fre- 
quencies, 300 kilocycles and 4000 kilocycles. 
Since those at 300 kilocycles were always larger, 
for the sake of brevity only they will be given. 
The laboratory set-up is shown in Fig. 1. 

Using sharp needle points about 10 centimeters 
long, with a separation of 40 centimeters between 
point and plate, results were obtained which are 
given in Table I. When dull or damaged needles 
were tried, noise measurements as great as 400 
microvolts were observed.‘ Next, the experiment 
was repeated with short lengths of wire parallel 
to the plate, so as to duplicate, roughly, the 
trailing wire discharger. The results obtained are 
not given, because they are comparable to those 
obtained with the sharp needle points, except 
that the radio noise was much greater. In supple- 
mentary flight experiments, it was found that if 
very long lengths of wire, say 400 feet in length, 
were trailed behind an aircraft in flight, the 
entire wire exhibited corona and maintained the 
aircraft at a low potential. Although effective 
in some respects, such a discharger is not prac- 
tical because of the radio noise generated, the 
difficulty of handling such a long wire, the unde- 
sirable alteration of the radio transmission 
characteristics of the aircraft, and the lightning 
hazard involved. The short trailing wire and the 
blunted needle point are practical but suffer from 
the defect, already explained, that the corona 
discharge from them causes noise in nearby 
radio receivers. In fact, it is possible to use either 
type of discharger with some degree of success 
only when it is suitably attached to the aircraft 
by a series decoupling resistor of about } megohm 
or more, and when it is properly installed on the 
tail of the aircraft, where the interference radi- 
ated will be shielded as much as possible from the 
overhead antennae. This means that trailing wire 
dischargers or needle points (whose sharp points 
soon become dull or damaged) should not be 
installed on the wings where good inductive 
coupling with the antennae exists. Such dis- 


* Needles employed in these experiments were common 
polished steel sewing needles of various sizes, the size having 
negligible effect upon the results. However, even a barely 
visible deformation of the point was sufficient to make the 
discharge from the point become noisy. 
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TABLE II. Characteristics of dischargers with thermal ions. 











: Discharge 
Distance D (micro- Radio noise 
Source of thermal ions to plate Voltage amperes) at 300 kc** 
Acetylene flame* 60cm from flame +30,000 6 <3yzv 
(blue cone—1! em long) to plate +45,000 160«CO <3 wv 
+-60,000 28 <3yv 
—30,000 -—-12 <3yv 
—45,000 —26 3 pv 
— 60,000 —44 4uv 
Gasoline blowtorch 54cm from flame +45,000 14 _— Radio noise 
(flame length—13 cm) to plate +60,000 20 ~—s input less 
—45,000 -—27  than3 uv 
—60,000 —43 
Manufactured gas flame 45cm +45,000 19 <3 wv 
from Mecca burner +60,000 35 <3 wv 
(flame, 15 cm long) —45,000 -—-28 <3uv 
—60,000 —53 4 uv 
Signal flare 60 cm +60,000 10 =<3yuv 
(flame—10 cm long) —60,000 -20 <3yuv 











* Flame consumes about 225 cc acetylene (N.T.P.) per minute. 


** Noise measurements are uncertain and may show large values for changing 
electric fields. 


chargers, therefore, are undesirably limited in 
use. 

The problem remains of devising a discharger 
without such limitations and of investigating 
whether or not profuse generation of ions will 
improve the output of the discharger. Taking the 
second part of the problem first, several possible 
ion sources must be reviewed. Of these, the 
electric arc appears to be quite promising because 
of the known high ionization intensity existing 
in the arc. Also, it is known® that the superposi- 
tion of a high frequency field upon a d.c. field 
at a point can be made to prevent discharge 
bursts causing interference. Based on_ this 
knowledge, experiments intended to measure the 
effectiveness of the electric arc as a static dis- 
charger have been carried out at several labora- 
tories, including the Naval Research Laboratory. 
The discharger investigated at this Laboratory 
consisted of a blunt tungsten point supplied with 
radiofrequency energy from a resonant circuit 
and mounted on one of the two parallel plates in 
the d.c. field previously described. The discharge 
currents for an arc of about 3 inch length, re- 
quiring some 50 watts of oscillator power at a 
frequency of 8.0 megacycles, are given in Table I. 
With the receiver tuned to 300 kilocycles, the 
radio interference from the arc discharge was 
negligible; at 5 megacycles, it was serious. 
Evidently, therefore, the arc frequency should 
be several times that of the receiver frequency 


5M. O'Day, Civil Aeronautics Adm. Tech. Dev. Report 
No. 27 (August, 1940). 
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TABLE III. Characteristics of wick* dischargers. 


Discharge 
Distance D (micro- py tiny 
Type to plate Voltage amperes) at 300 ke 

Glycerol impregnated 30 em + 40,000 13 Less than 3 uv 
(after 25 hours flight +60,000 36 Less than 3 wv 
time on aircraft) — 40,000 —I18 Less than 3 pv 

— 60,000 — 4s Less than 3 uv 
Metallized 30 em +30,000 12 Less than 3 uv 
(with silver) +45,000 25 Less than 3 pv 

+60,000 44 Less than 3 pv 

— 30,000 —I1 Less than 3 pv 

— 45,000 —26 Less than 3 uv 

— 60,000 —i0 Less than 3 uv 
Metallized 2.5 em +15,000 20 Less than 3 pv 
(with silver) +30,000 125 Less than 3 pv 

+53,000 350 Sparkover above 

this 

—30,000 —130 Rad , 

— 45,000 — 350 | 1 adio noise 

~ 60,000 —620 | less than 3 pv 


*Each wick of cotton fibers, over-all diameter } inch, length approximately 
6 inches. 


for noise-free operation of the discharger. Results 
were disappointing, in that the amount of r-f 
power dissipated in the arc, provided it was large 
enough to reduce corona static, had only a small 
effect on the discharger current. This was deter- 
mined by varying the oscillator power over the 
range from 50 to 150 watts; the arc length varied 
from } to 13 inches over this range. 

Parallel experiments seeking the effect of 
thermal ions on discharge characteristics were 
conducted in the apparatus already described, 
using flames in place of the r-f arcs previously 
used. It had before that a 
flame could be made to ignite and burn in a 


been observed 
slipstream by using a specially designed nozzle, 
and by using a fuel, such as acetylene, with a 
high heat of combustion. In the laboratory ex- 
periments, much radio noise resulted if any 
metallic projections having high field intensities 
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Fic. 2A. Wick type static discharger. 
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sufficient to cause corona were present in the 
flame itself; however, flames could be made to 
discharge with no measurable radio noise. The 
results obtained in the laboratory using acetylene 
flames, gasoline, and solid fuel are given in Table 
II. 

Next, exhaust gases from the aircraft re- 
ciprocating engines were considered for use in 
the discharge process; however, the low tem- 
perature, relatively speaking, of exhaust gases as 
they leave the exhaust pipe of this type of 
engine, results in ion densities, too small to be of 
any real help. For example, calculations based on 
exhaust gas conductivity of eight electrostatic 
units (obtained from other data) indicate cur- 
rents from the exhaust will be of the order of 10 
to 20 microamperes per 1000 horsepower engine. 
This approximate result has been checked by 
experiment.® Discharge possibilities using the 
exhaust from jet type engines have not been 
investigated. 

Certain observations may now be made, based 
on the data of Tables I and II. These data show 
that the point discharger, the arc discharger, and 
the flame discharger have roughly the same 
discharge current. The major part of the dif- 
ferences in discharge current which exist may be 
ascribed to differing geometries at the discharger, 
or to different separations between the parallel 
plates across which the d.c. test voltage was 
maintained. Neither the relatively diffuse ionized 
region of the flame, nor the intense ionization 
of the high frequency arc significantly increased 
the output of the discharger. The only conclusion 
which can be drawn is that all of these dis- 
chargers are space-charge limited and, therefore, 
are unavoidably limited in output.7* With this 


6 R. G. Stimmel, E. H. Rogers, F. E. Waterfall, and R. 
Gunn, Proc. I.R.E. 34, 175 (April, 1946). 

7 During discharge there is about any of the dischargers 
a narrow region or layer of intense ionization; the rest of 
the space between the plates is free from the action of the 
ionizing agent. Also, the discharge current to the opposite 
plate is only a small fraction of the maximum corresponding 
to the ionization. Hence, the situation is quite analogous to 
that discussed by J. J. Thomson, reference 8, for the case 
where ionization is confined to a thin layer between parallel 
plates. Thomson shows that in this case, the discharge 
current, 7, is given by 





— 


i= A(V*k/I*) 


where A is a constant, V is the potential difference between 
the plates, / is the separation, and k is the mobility of the 
ion carrying the charge. It is apparent that the current, 1, is 
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in mind, it becomes evident that improvements 
in the static discharger of this type can be 
realized only by making the discharger noise-free, 
cheap, easy to install, and capable of being 
attached at a number of points on the aircraft. 
The last improvement is the only one which can 
be expected to drain off larger and larger amounts 
of electric charge from the aircraft. 

In the search for improvements along these 
lines, a “‘wick”’ discharger was developed by the 
author at the Naval Research Laboratory. It is 
essentially a small, flexible, treated cotton wick 
enclosed in a plastic tube, with many conducting 
fibers exposed at the end to serve as discharge 
points (see Fig. 2). The multitude of points in 
the wick have high resistance paths back to the 
aircraft, a negligible capacity, and provide a 
completely noise-free discharger of this type. 
Other fibers than cotton may be used, ob- 
viously, but none have been found more satis- 
factory. The cotton wick is treated to make it 
conducting, either by soaking the wick in an 
aqueous glycerol solution, chosen because it 
provides the desired low conductivity and has a 
very low rate of evaporation, or by metallizing 
the wicks with very thin deposits of metal. Either 
treatment is satisfactory, except that the glycerol 
treated wick is subject to a diminution in effec- 
tiveness as the glycerol evaporates or is diluted 
with rain water, and is more prone to become 
dirty in use on aircraft. The latter point is 
important, because wicks that are dirty may 
become noise. Metallized wicks using silver were 
found to have an indefinite life, except for me- 
chanical wear. The discharge characteristics of 
some wicks made by the author are shown in 
Table III. These wicks generated no radio 
noise whatever at normal frequencies when 
properly made (so as to be free of metal flakes or 
bulky metal deposits), up to the limit of dis- 
charge which could be taken from the wicks 
before spark breakdown of the surrounding air 
occurred. 

The ‘wick’ discharger, or any discharger of 
this class, has limitations of the following nature. 
First, it must be placed on the aircraft in an 


independent of the intensity or amount of ionization, and is 
thus space-charge limited. 

8 J. J. Thomson, Conduction of Electricity through Gases 
(Cambridge University Press) third edition, p. 206. 
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Fic. 2B. Wick type static discharger sample installation 
on wing. 


exposed position where it will begin to discharge 
before other parts of the aircraft exhibit inter- 
fering corona. For best performance of these dis- 
chargers, therefore, they must be placed at the 
points of maximum electric field about the air- 
craft, as shown in Fig. 3. Two dischargers on each 
wing tip, and two to four on the empennage, 
represent a practical installation, though more 
could be used for improved performance. Second, 
no matter how many ‘wick’ dischargers are 
used, precipitation static will occasionally be 
observed. This occurs when the charging current 
to the aircraft becomes significantly greater than 
the discharge current “from the wicks. In such 








Fic. 3. Preferred localities for dischargers. 














NEGATIVELY 
CHARGE DO 
SPRAY 


Fic. 4. Schematic of a water spray discharger. 


cases, observed in severe atmospheric conditions, 
the aircraft will experience precipitation static, 
though usually for brief periods of time. For 
example, in the case of heavy rain, when pre- 
cipitation static is heard, it will be difficult to 
remove. In this case, the streamers of water from 
the trailing edges of the airplane or other projec- 
tions, such as the antenna, become, effectively, 
blunt points subject to corona discharge. Such 
streamers of water in an electric field under 
laboratory conditions are observed to cause 
intense radio static. 

Another important point with regard to dis- 
chargers of this class should be made. It is known 
that atmospheric electrification of the aircraft 
may raise it to an extremely high potential with 
respect to its surroundings; for example, to a 
potential of one-half millien volts. Consideration 
of this fact will lead to a realization that boosting 
the potential of a discharger relative to the air- 
craft by some 20,000 volts, such as may be 
obtained by a high voltage rectifier on the plane, 
will have little effect on the discharge current. 
Experimental results confirm this conclusion. 


HEAVY PARTICLE DISCHARGERS 


The second class of electrostic dischargers 
involves heavy particles, such as charged water 
droplets, as charge carriers. Charged particles 
like these are produced, for example, in a liquid 


ELECTROSTATIC 
POWDERED MATERIAL cc 
SPRAY : SHIELD 
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FRICTION TUBE BRASS 
VARIABLE LENGTH- I" DIA 

POWOERED MATERIAL (1 OOSELY FILLED WITH 
METAL) 


Fic. 5. Schematic diagram of triboelectric discharger. 
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spray exposed to a strong electric field. Alter- 
natively, these charge carriers are produced by 
a triboelectric process where certain finely 
divided materials, such as powdered quartz, 
flowing through friction tubes take on one sign 
of charge, leaving the other charge on the friction 
tube. Such particles have mobilities of the order 
of 0.002 centimeter/second per volt/centimeter. 

Dischargers of this class have some advantages, 
in that: 


(1) The external electric field about the aircraft does 
not necessarily affect the amount of, charge induced upon 
the particles sprayed from the discharger; hence, the dis- 
charge currents are relatively unlimited, and the point of 
attachment is unimportant. 

(2) The aircraft’s external field does not necessarily 
determine the induced charge; therefore, discharge current 
of either sign may be obtained. 


The induction type of discharger, using a 
water spray, is illustrated by Fig. 4. It exposes 
water droplets to a strong electric field as the 
water droplets are removed from a nozzle by a 
high speed blast of air. This discharger has been 
used very successfully to charge aircraft in flight 
under fair weather conditions for the purpose of 
simulating precipitation static conditions.’ In 
flight tests using a large number of spray nozzles, 
discharge currents of 250 microamperes have 
been measured for a water discharge of approxi- 
mately 75 grams/second. By stepping up the 
rate of flow of the water through the spray 
nozzle, this discharger could be made to discharge 
quite an appreciable current. If the auxiliary 
electric field that is established at the spray 
nozzle to charge the droplets is maintained 
slightly below a value sufficient to cause corona, 
there will be little radio noise generated. There 
are engineering drawbacks to such a discharger, 
however; for example, the discharger requires an 
auxiliary high voltage of some 20,000 volts, a 
bulky and heavy tank of non-freezing liquid such 
as alcohol, and it increases the aerodynamic losses 
of the aircraft. 

The triboelectric discharger, on the other hand, 
is illustrated in one form that it takes in Fig. 5. 
Here the friction between the tube and particles 
moving through affects the amount of charge 
carried away by the particle. Since the friction 


®*R. C. Waddel, R. C. Drutowski, and W. N. Blatt, Proc. 
I.R.E. 34, 161-166 (April, 1946). 
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is partially determined by the velocity of the air 
blast through the tube, the data to be reported 
on the triboelectric discharger are for one air 
velocity only, namely, 250 miles per hour at the 
inlet tube. Table IV has been prepared to show 
the performance characteristics of this discharger 
under the given conditions. As high as 84 micro- 
coulombs of charge per gram of material was 
obtained when using finely divided quartz 
(Santocel). Making the reasonable assumption 
that the average radius of the particles of the 
diatomaceous earth used (largely silica) was 10~* 
centimeter, the theoretical limit of charge which 
could be carried by the powdered material per 
cubic centimeter of solid material (before pul- 
verization) becomes 3E/4xR, where E is the 
electric field at breakdown of the surrounding air. 
This corresponds roughly to a figure of 80 micro- 
coulombs per cubic centimeter, or 30 micro- 
coulombs per gram. 

With this type of discharge, the substance 
of the powdered material usually determines 
whether the sign of charge will be positive or 
negative. Many materials, when blown through 
the friction tube, came out with a negative sign. 
This would be desirable, because in nearly all 
cases of charging by atmospheric particles, the 
airplane became negatively charged and would 
require a discharger of negative electricity. 
Noise measurements on the triboelectric dis- 
charger gave erratic results; at times a high level 
of noise intensity was observed. These and other 
drawbacks, of an engineering and_ practical 
nature, are believed to be sufficiently important 
to prevent any commercial use of this discharger. 
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TABLE IV. Characteristics of triboelectric dischargers using 
powdered materials. 








Efficiency 
Discharge Discharge micro- 
current of material coulombs per 
: (micro-  (grams/ gram o 
Material amperes) second) Remarks material 
Colloidal carbon* +7# 1.4 Not dried 5 
Infusorial earth* —14# 1.4 Not dried 10 
Diatomaceous earth* —18 1.7 Not dried 10.6 
Diatomaceous earth* —13 1.1 Dried 24 hrs. 12 
at 200° 
Diatomaceous earth** —18 1.4 Dried 24 hrs. 13 
at 200°C 
Santocel (powdered —50 1.0 Not dried 50 
quartz from Monsanto 
hemical Co.)** 
Santocel (powdered —33 * 04 Not dried 84 


quartz from Monsanto 
hemical Co.)*** 


Diatomaceous earth*** —12 0.36 Dried 2} hrs. 33 
at 200° 

Santocel**** —9.5 0.13 Not dried 73 

Santocel**** —25 0.30 Dried 14 hrs 83 
at 180° 

Titanium dioxide**** —5.5 0.60 Not dried 4 

Graphite**** 0 1.0 Not dried 0 

Wheat flour**** +2.5 0.4 Not dried 7 





# Denotes sign of charge on powder. 

* Brass friction tube encloses ten copper tubes, 4 cm diam., 30 cm long. 

** Brass friction tube, 75 cm long, loosely filled with steel wool. 

*** Brass friction tube, 245 cm long, loosely filled with copper turnings. 

ome —— friction tube, 40 cm long, loosely filled with copper screen, mesh 
=16/inch. 


SUMMARY 


To summarize, it appears that static dis- 
chargers are a practical necessity on aircraft 
using present-day methods of radio communica- 
tion. Wicks or trailing wires, being simple and 
having relatively good performance, are to be 
preferred over other types. The wick discharger, 
if properly made, is completely noise-free and is 
applicable to the airplane at a number of points; 
hence, it appears to be the best available dis- 
charger. No discharger, alone, however, offers a 
complete solution to the problem. 
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Slow Transverse Magnetic Waves in Cylindrical Guides 


G. G. Bruck AND E. R. WICHER 
Specialties, Inc., Syosset, Long Island, New York 
(Received March 24, 1947) 


The fundamental physical phenomenon upon which 
linear electron accelerators and traveling beam tubes de- 
pend is the fact that the phase velocity of guided 7M 
waves can be reduced to a fraction of the velocity of light. 
There are various practical ways of achieving these re- 
duced velocities, such as diaphragms or spiral grooves in 
the guide wall. An open helix has been used by Pierce. 

An accurate knowledge of the field pattern would greatly 
facilitate an understanding of these devices. It is of par- 
ticular importance to have exact information about the 
field in the region in which the charge actually travels, 
namely, in a region located at least a considerable fraction 
of a wave-length from the guide walls. Because of the com- 
plex shapes assumed by actual guide walls calculations of 
the field are inevitably somewhat inexact and complicated. 


HE solutions of Maxwell's equations appro- 

priate to the description of a.7Mo, mode 
propagated axially in a cylindrical tube, may be 
written 


E,=AJo(xp)+BNo(xp) 

E, = (2mi/xs)[A Ji(xp) +BNi(kp) ] 
E,=0, H,=0, H,=0 

H = (2mice/x)[AJi(xp) +BNi(xp) | 


(1) 


where p=r/\, s=v/c, \=free space wave-length, 
c=velocity of light, v=phase velocity actually 
present in tube, (z, 7, ¢) are standard cylindrical 
coordinates, x= 2mc(yue—1/v*)', e=inductive ca- 
pacity of medium, n= permeability, (Z., E,, E,), 
are components of electric field strength, (77,, H,, 
H,), are components of magnetic field strength, 
A, B are arbitrary constants to be adjusted to 
fit assigned boundary conditions. 

Georgi rationalized units are used. It is under- 


TABLE I. 
p2 p2—pi €2/€1 
0.9564 0.00064 154000.0 
_ 0.05530 0.00530 2499.0 
0.05943 0.00943 774.4 
0.06164 0.01164 524.3 
0.07187 0.02187 174.4 
0.08958 0.03958 74.44 
0.10000 0.05000 57.25 
0.1500 0.1000 34.27 
0.4897 0.4397 25.63 
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The authors propose that, for the purposes of theory, 
the well-established proposition concerning the equivalence 
of true and simulated dielectrics in producing a slow field 
be used. We propose to think of slowing down the phase 
velocity by lining the guide walls with a natural dielectric. 
The essential properties of the slow field, particularly in 
the important region referred to above, will not be affected 
by this method of obtaining it while, on the other hand, the 
field calculation becomes quite easy and exact. 

Although this procedure is intended in the main as a 
device to facilitate the theoretical calculation of the field, 
the authors believe that such a step—replacement of peri- 
odic metallic structures by dielectrics—might prove useful 
in some actual applications. 


stood that the factor exp(t#!—yz) has been 
omitted from the right members of all of (1). 
Here w is the angular frequency, equal to 27c/X, 
and vy is the propagation constant. We neglect 
conductivity so that y=iw/v=2mi/sX. 

We apply the solutions (1) to the case of a 
pair of infinitely long coaxial cylinders with 
radii 7;=piA and re=pedr, pi<pe. The inner 
cylinder is evacuated and the region p;<p< pz is 
filled with a dielectric of inductive capacity ee. 
The outer cylinder is bounded by a perfect 
conductor. In the following we call the region 
p<pi, region I, and the region p;<p<ps, region 
I]. Parameters referring explicitly to these re- 
gions are distinguished by the use of subscripts 
1 and 2. 

In medium J, B,=0 because the N functions 
are infinite at p=0. Hence, 


Exn=A,Jo(kip), E,,= (271 K1S)A 1J;(kip), 
Ej=0, Ha=0, Hna=0, (2) 
TT 91 = (2mices/«1)A1J1(Kp), 


ky = 2(1—1/s?)}. (3) 


We now examine three cases. 

Case I. x; is real. Then by (3), s>1 and v>c. 
The z component of the electric field is described 
by the function Jo(kip) which is unity at p=0, 
and which tapers off to a zero at xip=2.4048. 
In general, the fact that Jo(xip) is a decreasing 
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Fic. 1. Distribution of the 
longitudinal component of elec- 
tric field strength through a cross 
section of the tube. 
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function for real x; makes it usable in any case 
where v>c. 

Case IJ. x, is zero. Then by (3), s=1 and 
v=c. This gives E,;=A,, a constant. If region J 
were bounded by a conductor, this result would 
be trivial since all field components would have 
to vanish. Here, the result will have application 
to cases of electron accelerators, or traveling 
wave tubes in which the electrons have an energy 
of more than 10° electron volts. 

Case III. x; is imaginary. In this case s<1 
and v>c. This gives an E,, distribution de- 
scribed by Jo(t|xi|p)=Jo(\«:\p), an increasing 
function of p. This type of distribution is of par- 
ticular interest because it permits slowing down 


NO) 


Fic. 2. Energy distribution 
lhe logarithm of the real part of 
the complex Poynting vector 
plotted against the radial coordi- 
nate of the tube. The logarithm 
has been used to obtain a con- 
venient scale. 
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the phase velocity of the field to any desired 
value. 
In region JJ the fields will be given by 


E.»w=A oJ o( Kop) + BoNo(k2p) 
E,2= (2mi/kes) [A 2J1(kop) + B2N 1 (kop) | (4) 
E.2=0, H2=0, H2=0 
H 2= (2ices/ x2) [A 2J1 (kop) + BoN1(k2p) | (5) 
Ko>= 2x[_ (e212 €1p1) —_ (1 ‘s?) }'. F 


The boundary conditions may be written 


E..2(k2p2) =0, 
E.1(k1p1) = E..2(k2p1), (6) 
€:E41(K1p1) = €2-2(k2p1). 











VOLUME 18, AUGUST, 1947 





From (2), (4), and (6) we get 


A 2/ Ay = (wKops/2)[ (€1/€2) (K2/K1) No(Kop1) J 1(K1p1) 
— N,(k2p1)Jo(xip1) ), 
B./ Ay = (wKxop1/2)(Jo(K1p1) J 1(k2p1) 
— (€1/€2) (k2/«1) J 0(K2p1) J 1(K1p1) J. 


(7) 


In these formulas A, is simply the amplitude 
of the z component of the electric field along the 
axis. From (6) and (7) we obtain 


€, Ke J1( Kips) 


€2 Ki Jo(k1p1) 





Nol Kop2) J 1(K2p1) —_ J o( kop2) Ni(K2p1) 





Nol Kop2) J o( K2p1) on Jol k2p2)No(x2p1) 


This formula, taken with the definitions of «, 
and xs, is a relation between field velocity, tube 
radii, and the dielectric constant of region JJ. 
In order to have a definite Case JJJ to discuss, 
we chose s=v/c=0.2 and let p,;=0.05. These 
choices are arbitrary, and are simply meant to 
be illustrative. Having made this selection, (8) 


can be solved by a combination of patience with 
a variety of numerical procedures. The result 
is shown in Table I. 

One particularly useful device in obtaining 
these points is to select the product k2p2 to be a 
zero of either Jo(xsp2) or No(kep2). For general 
points, (8) may be transformed to read’ 

€1 Ko Ji(«1p1) FH (x2p1) | sin(y —4;) 


in alle = : (9) 
€2 Ki Jo(Kip1) = | Ho (x2p1) | sin(y — 40) 





where y= arg" (kep2), 0=argH ™ (kop), 1 =arg 
I," (op). 

The tables in Watson? are simply applicable 
to this form. We did the calculations from (9) to 
four significant figures and checked the results 
by substitution into (8). It will be noticed that 
for a given €2/¢€,;, a denumerable set of numbers 
p2 exists; we tabulate only the lowest po. 

To compare field strength distributions, en- 
ergy distributions, and field patterns in the three 
cases, we selected v=0.2c (Case IJ), v=c (Case 
II), and v=5c (Case J), and fixed p,=0.05 and 
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‘ Fic. 3. Longitudinal field pat- 
tern, showing lines connecting 
points of equal electric field 

o strength along a_ longitudinal 
cross section of the tube. The 
slope of the lines gives the direc- 
tion of the field. ¢=2/A, and 

e s=v/c=2/10. 
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+t G. N. Watson, Theory of Bessel Functions (The Macmillan Company, New York, 1945), Chapter XX. 
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p=0.10 in all cases. This gives €2/¢€,= 57.25 (Case 
ITI), €2/€;=32.80 (Case IT), €2/€,=31.82 (Case 
I). 

The results of this comparison for the dis- 
tribution of the z component of the electric field 
are seen in Fig. 1. 

The real part of the complex Poynting vector 
is given by 
8.1 ce Aj = (29° ‘x?s) [Ji (ip) Ff, 

- 2r° €2 As B, 2 (10) 
S.2/ce,Aj=— | -Ji(K2p) +— vs(u) | . 


kos ELA, 1 


Figure 2 shows the logarithm of this quantity 
as a function of p for the three cases. It is obvious 
that practically all the energy is carried in region 
ITI in each case. 

The field pattern is given by integrating the 
relation 

dz/dr=ReE./ ReE,. (11) 
Letting 
f=z/ x, (12) 
(11) vields 


KipJ (kip) = C, sec(24f 's) 
kop[ A oJ i (kop) + BoNi (kop) |= C2 sec(2xf/s), 


where C,; and C2 are integration constants. The 
obvious requirement on these constants is 
Cy K1piJ 1(K1p1) 
—= . 
Cz KkopilAoJi(K2p1) + BoNi(K2p1) | 
In Case IJ the first of Eqs. (13) may be re- 
placed by 


(13) 








p>=C, sec2r¢, (15) 
so that (14) becomes, for this case 
C; pr 
= (16) 


C2 - well oJ 1(k2p1) +B2Ni(x2p:)) 


It develops that if the pattern be drawn by 
plotting p against 2r¢/s, there is no appreciable 
difference between the three cases. This means 
that the effect of decreasing the field velocity is 
simply to compress the pattern in the direction 
of propagation. Figure 3 shows the pattern for 


Case ITT. 





Incandescent Lamps as Electrical Load for Testing 


S. KEILIEN 
Pass and Seymour, Inc., Syracuse, New York 


(Received March 25, 1947) 


Because of the positive coefficient of resistivity of tungsten, incandescent lamps permit a 
current considerably greater than the normal lamp current to flow for a short initial period. 
When lamps are used as load for testing electrical apparatus, the factors affecting this inrush 
must be considered. Size of power source, its distance from the load (lamps), and frequency of 
switching the lamps (employing repetitive operations for endurance testing) are evaluated. 

From the given curve the necessary cooling time for the desired current inrush may be de- 
termined, and thus the frequency with which the lamps could be switched ‘“‘on” and “off” may 
be calculated. Practical means for obtaining the required cooling time are described. 


NE of an electric control device’s usual 
function is switching. In this operation the 
electrical load is either connected to or discon- 
nected from the source of power supply and, to 
be acceptable, the switching element should be 
capable of performing with least deterioration. 
There are 3 basic types of loads, and their 
characteristics affecting the performance of 
switching devices may be summed up as follows: 
Non-inductive-resistance load-current rise to reach the 
Ohm’s-law value and its fall to zero (when disconnected) 
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is instantaneous; the values of steady-state conditions are 
not exceeded. 

Inductive load-current rise is gradual, depending on the 
rate of magnetic flux build-up; on disconnection of this 
load the stored electromagnetic energy is dissipated 
quickly, causing momentarily a high voltage, frequently 
far above that of the supply. 

Tungsten-filament lamp load-current rise is very rapid 
and the maximum exceeds that of the steady-state value; 
current decay to normal value, following its reaching the 
peak, is relatively slow; upon the disconnection the fall of 
current to zero is instantaneous. 
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Tasce I.* Ratio R for various size lamps. 


Size of lamp watts Ratio R 
100 9.1 
500 8.7 
1000 6.8 


*R. W. Gillette, “Control of Multiple Street Lighting,” 
Elec. World 94, 419 (1929). 


From the above grouping it will be seen that 
the inductive and the tungsten-filament lamp 
loads call for special precautions to be taken: the 
former upon interruption of the circuit (because 
of presence of high voltage) and the latter at 
completion of the circuit (because of current 
inrush). 

In practice, the usual non-inductive-resistance 
loads are heating appliances of various kinds; 
the inductive load is typified by magnets and 
motors; the lamp-load characteristics are present 
in tungsten-filament lamps and condensers. For 
determination of suitability of a switching de- 
vice, it is usually tested under various load con- 
ditions, and it is important to give proper con- 
sideration to these loads if the results of tests 
are to be used as criteria. 

Tungsten filament lamps are employed ex- 
tensively for testing the devices which are de- 
signed for such loads, or which are intended for 


TaBLe II. Ratio R for various size lamp loads and their 
distance from busbars. 


Load connecting Load (watts) and number and size 


circuit of lamps (w) 
Length (ft.) Total 2400 w 1200 w 520 w 500 w 
and wire 
wire size res. 4-500 w 2-500 w 8-60 w 
(B and S gauge) ohms 2-200 w 1-200w 1-40w 1-500 w 
163’—No. 10 
+ 16’—No. 14 203 - 9.4 
148’—No. 10 
+ 16’—No. 14f 188 9.6 
163’—No. 10 .163 7.7 9.1 - 11.0 
148’—No. 10 .148 8.1 9.3 11.2 
410’ No. 10 
4 10° No. 11} .063 - - 10.9 
16’—No. 14} 
10’—No. 10) 7 
10’—No. 11, .023 8.9 10.3 11.4 


Notes: 1. All lamps—115 volts. 
2. Power derived from specially designed 125 volts 
d.c. generator. 
3. Values of “length” in first column—length of 
conductors between load and busbars. 
4. Plus sign (+) in first column indicates series 
connections. 
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loads with initial inrush of current. It is import- 
ant, therefore, to have a clear conception of lamp 
characteristics and of limitations to assure their 
proper application as loads for testing. 

Because of the positive temperature coeff- 
cient of resistivity of the metal, the tungsten- 
filament lamps possess low resistance when cold 
and higher resistance when heated. It must be 
noted that carbon-filament lamps have the re- 
verse characteristics because of the negative 
coefficient of resistivity of carbon. For regular 
115- or 120-volt tungsten-flament lamps, sizes 
40 to 1500 watts, the operating temperature of 
the filament varies between 4400°F and 4900°F, 
and the resistance of a hot lamp is 15 to 17 
times that of a cold lamp. Consequently, if a cold 
lamp is connected to a source of supply, a cur- 
rent considerably greater than the normal lamp 
current will flow for a short time. Because of 
heating by the passing current, the temperature 
of the filament will rise and so will its resistance, 
thus causing a corresponding decrease in current. 
It would appear that the ratio of inrush current 
to the normal lamp current would be also 15 or 
17 to 1. However, these values are not attained 
usually, for the inrush current also depends on 
such factors as the capacity of the current source, 
impedance of the circuit, and voltage stability, 
all of these tending to reduce the magnitude of 
the peak. 

It is difficult to determine quantitatively the 
effect of some of the above factors, but definite 
conclusions may be drawn on the basis of ex- 
perimental data. 

The source of power should be of ample ca- 
pacity to furnish the necessary inrush current. 
It is apparent that the source should not be the 
limiting factor, since the characteristics of the 
filament determine these inrush values. The 
ratio R of the peak current to nominal current 
of the lamp may be used as the criterion in 
evaluating the suitability of the generator. 

A small generator having a relatively slow 
current response and a small amount of available 
power will give a smaller value of R, for the same 
lamp load, than would a larger machine. A 5-kw, 
125 volt, direct-current generator controlling 
tungsten-filament lamps gave the current ratios 
R shown in Table I. A generator used for routine 
and experimental testing of switches produced 
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considerably greater values of R, as shown in 
Table II. It will be observed that such generator 
permits a current inrush to produce a value of 
R as high as 10.3, for 1200-watt load (compare a 
corresponding value of 6.8 for 1000-watt load 
with a smaller generator). 

A generator for testing switching devices with 
lamps as load must be properly designed, for its 
rated capacity is not the only consideration. 
Factors like armature reaction, commutation, 
and voltage stability for a specific load will 
affect the values of R. The Underwriters’ Lab- 
oratories, Inc., standard for switches specifies a 
generator capable of producing a current inrush 
of eight times the normal value of current, using 
a 20-ampere (normal) lamp load. Values of R 
considerably in excess of this can be obtained 
with specially designed generators.! 

Size of conductors and distance between the 
lamp and the generator affect the resistance of 
the circuit. Since the current inrush is of transient 
nature, the impedance of this circuit must also 
be considered. The last four columns of Table I 
give values of the ratio R for various conductor 
sizes and their lengths. From this table it may 
also be observed that, for the same wattage, the 
larger the number of lamps in the circuit, the 
lower is the value of R (compare last two col- 
umns). This may be explaineu as follows: The 
rate of heating of a small lamp is considerably 
higher than that of a large lamp.? Because of 
this, with smaller lamps there will be con- 
siderably greater overlapping of the initial period 
when the current is limited by the circuit in- 
ductance and of the period when resistance of 
filament has risen sufficiently to reduce the cur- 
rent. Therefore, with same current, inductance 
and resistance of the circuit, smaller lamps 
would produce a lower value of R than would 
one large lamp of the same wattage. The R in 
the case of smaller lamps is further diminished 
by their lower final filament temperature, as 
compared with that of the larger lamp. 

The use of tungsten-filament lamps for re- 
petitive operations (connecting to and discon- 
necting from power source) should be conducted 





1S. Keilien, “Improving products through research and 
test for quality,’’ Product Engineering 10, 24 (1939). 

2 W. E. Forsythe, M. A. Easley, and D. D. Hinman, 
“Time constants of incandescent lamps,” J. App. Phys. 
9, 209 (1938). 
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Fic. 1. Oscillogram showing current rise and decay in 
1200-watt lamp circuit (2—500-w and 1—200-w lamps) upon 
its connection to 125-volt d.c. generator. 


with discretion because of the time required to 
bring the filament to final temperature and the 
time needed for cooling it to the ambient tem- 
perature. The filament-heating time is relatively 
short. From oscillogram, Fig. 1, it will be seen 
that normal current was reached within 0.268 
second. For lamps of lower rating this time is 
correspondingly shorter. Since the current de- 
cay in the lamp after reaching inrush peak is 
exponential, it is difficult to determine with a 
great degree of precision the exact point where 
the current curve reaches its normal value. 
However, for practical purposes, the oscillo- 
graphic determination is sufficiently accurate. 
The rate of cooling of the lamp is important 
in the calculation of the frequency with which 
the device under test may be operated. The 
value of R (ratio of inrush peak current to nor- 
mal lamp current) may be used as basis for the 
determination. Should a lamp be reconnected 
to the power source while the filament is still 
hot, the ratio R would not be as great as that 
for a completely cooled lamp. This is apparent, 
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Fic. 2. Relation between cooling time ¢ of tungsten- 
filament lamps and ratio R (ratio of initial peak current 
to normal current) for 1200-watt lamp load at 125-v d.c. 
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for under such a condition the differential in 
temperature would be lower. Results of experi- 
ments conducted with lamps which were cooled 
for varying intervals are represented by a curve, 
Fig. 2. In order to obtain stable data the read- 
ings of current inrush (from oscillograms) were 
obtained after constant ambient temperature 
had been established. 

The curve is particularly valuable when rhyth- 
mic operation of switching on and off of lamps 
is to be employed. In testing current-interrupting 
devices for endurance, it is important to have a 
specific current inrush. From Fig. 2, it is possible 
to determine the cooling time (duration of the 
off period) for the desired current inrush, and 
then the frequency with which the testing is to 
be conducted may be readily calculated. 

If, for endurance testing, only one lamp (or 
one bank of lamps) were used, it would be neces- 
sary to allow considerable time for its cooling in 
order to obtain the desired current peak on the 
subsequent on operation. Such procedure would 
be quite lengthy and would impede testing, es- 
pecially if a large number of specimens is to be 
tested to keep up with production schedules. 

To facilitate testing, a number of lamps (or 
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Fic. 3. View of switchboard with equipment for automatic 
selection of lamp circuits. 
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banks of lamps) may be employed, so arranged 
that while one is being used (om) the others are 
cooling (off). This method makes possible any 
desired rate of specimen operation, the limita- 
tions being only those of the specimen itself, 
such as heat dissipation of its current carrying 
parts, velocity of its moving system, etc., and 
the time required to bring the filament to maxi- 
mum temperature. 

For repetitive operation of switches at a uni- 
form rate, the number of lamps required to pro- 
duce a desired cooling time may be calculated 
from Eq. (1), 

_ t+a 


= (1) 
b+a 


where: 


N—number of lamps (or banks of lamps), 

t—lamp-cooling time to produce the desired value of 
R in seconds (obtainable from curve Fig. 2, for specitic 
load), 

a—time, per cycle of operation, during which the switeh 
is on, in seconds, 

b—time, per cycle of operation, during which the switch 
is off, in seconds. 


If the on and the off periods of switch opera- 
tion are equal, then Eq. (1) becomes 
1 


N=—(tX f+30) 
60 


Nm 
— 


where f=rate of switch operation, in cycles per 
minute. 

In testing switches, @ is usually greater than 
the time required to heat the lamp and since the 
heating time is quite negligible in comparison 
with that needed for cooling the lamp, it was 
not considered in the formulae. 

A very satisfactory scheme for the simul- 
taneous testing of a number of switches is to 
connect the cold lamp in the circuit containing 
the specimen under test while this specimen is 
off, and to disconnect the lamp while the speci- 
men is in the succeeding off position. Thus, the 
lamp-selecting device does not make nor break 
the circuit while it is alive; it is done by the 
device undergoing the test. The actual equipment 
for accomplishing such selection is shown in 
Fig. 3, which is a part of an installation for 
simultaneous testing of 10 switches, each with a 
-1200-watt lamp load, or a smaller number of 
switches with a proportionately greater load. 
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The cool lamps are connected in the test circuits 
by means of a magnetically-operated, step-by- 
step selector, which is driven in synchronism with 
the switches under test. The selector actually 
controls the coils of heavy-duty contactors, the 
contacts of which introduce into or remove from 
circuits the lamps for loading the switches. Other 
means of selection of cool lamps, such as con- 
tinuously or intermittently-operated commuta- 
tors, or cam-operated contacts of either spring or 
mercury type may be employed. 

In some cases it is desired to obtain the inrush 
current with lesser equipment, or at quite rapid 
rate. Then, it is possible to connect resistance 
loads in such a way that the low resistance 
(allowing high current inrush) is removed from 
the circuit a short time after the switch under 
test has established the contact, leaving a higher 
resistance in the circuit (corresponding to normal 
current of lamp), thus permitting only normal 
current interruption by the switch. This arrange- 
ment does not duplicate actual lamp operation, 
because if current equivalent to inrush value is 
on for a considerable time the contacts are sub- 
jected to excessive heating. Furthermore, in 
the event of contact vibrations the contact 
erosion and welding are aggravated. Conse- 
quently, such testing may become unduly severe. 
In this scheme, shown in Fig. 4, the normal cur- 
rent is determined by resistance R,, while the 
inrush current is limited by resistance R,. After a 
predetermined interval following the closure of 
switch S, the timing contacts T open, thus per- 
mitting the switch S to break only the normal 
current, as determined by R,. The current rises 
and decays abruptly since non-inductive re- 
sistances are used. Contacts T are synchronized 
with S so that they close and open before S is 
subjected to respective operations. 

Another method is based on the characteristic 


curve of charging a condenser. A condenser of 


suitable capacity is connected in the test circuit 
before the switch is closed; this produces the 
necessary current inrush and decay. The con- 
denser is then disconnected by a relay after a 
desired lapse of time, restoring the circuit con- 
taining a resistance to a current equal to that of 
normal value of the lamp. Essentially this ar- 
rangement is a modification of that shown in 
Fig. 4, the difference being in the introduction of 
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Fic. 4. Schematic wiring diagram of connections for 
producing initial current inrush. 


capacitance C (not shown in diagram) in series 
with resistance R,. As in the previous scheme, the 
resistance R, determines the final value of cur- 
rent flowing through switch (normal lamp cur- 
rent), resistance R, determines the peak current, 
while condenser C defines the rate of current de- 
cay during the transient period upon closure of 
switch S. Contacts T disconnect the condenser 
C (and resistance R,) when the current through 
this path has decayed to a desired magnitude 
(near zero). This is done before S is opened. The 
operation of the timing contacts T may be ac- 
complished either electrically or mechanically. 
Provision must be made for discharging the con- 
denser C prior to its reconnecting into the circuit. 

Because of presence of some inductance in 
the circuit, it is difficult to predict by calculation 
the initial peak current that would result. It is, 
therefore, necessary to adjust the parameter of 
the circuit until the desired values are obtained. 
These constants will differ from the calculated 
values. 

While it is possible to duplicate relatively 
closely a current rise and decay of a tungsten- 
filament lamp, such synthetic-load testing equip- 
ment has been found less desirable from the 
standpoint of stability, reliability, and main- 
tenance for large scale testing. 

The tungsten-filament lamps should be em- 
ployed as electrical load with due consideration 
given to their characteristics. Particular atten- 
tion should be given to the frequency of opera- 
tion of specimens under test, in order to obtain 
the desired current inrush during the on period. 
The source of power supply and the impedance 
of the circuit must also be evaluated if it is 
planned to duplicate the conditions to which the 
switching device would be subjected under 
actual field operations. 








The Capacity per Unit Length and Characteristic Impedance of Coaxial Cables with 
One Slightly Non-Circular Conductor 


PHILIP PARZEN* 
New York, New York 
(Received April 9, 1947) 


It is possible to calculate approximately the electrostatic field in a coaxial line with one 
slightly non-circular conductor as a perturbation of that existing in the usual coaxial line. 
General expressions are then derived for the capacity per unit length and the characteristic 
impedance of such lines. In particular, these results are applied to the coaxial line with outer 


square conductor. 


INTRODUCTION 


HE calculation of the capacity per unit 

length, C, of a coaxial line depends upon 
the derivation of a potential distribution func- 
tion, V, which satisfies V?V =0, with the bound- 
ary conditions: V=0 on inner conductor, V = V; 
=constant on outer conductor. Thus, 


OV 
C= -K{ —ds/V, (m.k.s. units) (1) 
On 


where the numerator is the total charge per unit 
length which is given by the line integral of the 
normal derivative of the potential along either 
conductor, and K is the dielectric constant of the 
medium. 

The characteristic impedance, Zo, of a re- 
sistanceless line is: 

Z,=1/Cv, v=velocity of light in medium. (2) 
This may be seen physically as follows: an out- 
going progressive wave will advance a distance 


vdt in time dt, during which an amount of charge 
dq= CvVdt will appear across that portion of the 


Fic. 1. 


*Consulting Engineering Mathematician. 
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line. Hence the current 7=CvV and Zp=V/I 
=1/Cv. A rigorous proof may be found in 
Smythe.! 

While the solution for concentric circles is 
quite easily obtained, only approximately cor- 
rect solutions are obtainable for non-circular 
cables. In this paper we shall consider lines 
wherein one conductor is circular and the other 
slightly non-circular. The potential distribution 
is then calculated as a perturbation of that due 
to concentric circles. Finally we shall apply these 
results to the case where one conductor is square. 


CALCULATION OF C AND Z, 


In Fig. 1 the inner conductor is a circle of radius 
a and the outer conductor is specified by its 
polar equation, r=f(¢), which can be sufficiently 
approximated by a Fourier series with p har- 
monics. Thus, 


Pp 
r=f(¢)=Ao(i+>d A ; cosj¢) (3) 
1 
with 
p 
A?<K1. (4) 
. 2 
The inclusion of sine terms in the Fourier series 
will not add anything of general value to the 
discussion. Moreover, most conductors in prac- 


tice are symmetrical about an axis. Hence we 
seek a potential distribution V(r ¢) such that, 


vVV=0 (5) 

with boundary conditions, 
V=0 on r=a (6) 
= V; on curve (3). (7) 


1 W.R. Smythe, Static and Dynamic Electricity (McGraw- 
Hill Book Company, Inc., New York, 1939), p. 471. 
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Let 


V=L logr+ M+) (E,r"+F,r-") cosnd. (8) 
1 


This expansion’ will automatically satisfy (5), 
and to satisfy (6) 


0=L loga+ M (9) 
O=E,a"+F,a-" m=1,2,--- (10) 


To satisfy (7), we have after expanding logr, r", 
and r~" in Taylor series about r= Ao, 


Vi=L logAon+M+L 
X [ZA ; cosjg — (2A ; cosjp)? +--+ | 
+ZE,,A o™[1 +m ZA j cosjp 
+ 3m(m—1)(2A ; cosjd)?+--- ] cosmd 
+ZF,Ao"[1— mA ; cosj¢ 
+3m(m-+1)(2A ;cosjo)?+--- ]cosmd, (11) 


where . . . denotes higher powers of A;. Now 
equating coefficients of cosm¢@ in (11), 


— LA n = EA 0” + FA .. ‘a 
+ 32Um(E,A 0" — FnAo™)Aj+++: (12) 
n= .2..* °° 


and the double summation is taken over 
m+j=n,m—j=-+n. 
For n=0, 


V,=L(logA9—42A ?7+---)4+M 
+ 32j(Ej;Ao'— F;Ac)Aj+--- (13) 
We now have the linear set of Eqs. (9), (10), 
(12), and (13) to solve for L, M, E,, and F,. We 
should, however, point out that C depends upon 
L only, since by applying (1) to the inner circle, 
the line integral of the cosine terms in (8) 
vanish; thus 
C=2rKL/Vi. (14) 


We now solve Eqs. (10) and (12) for E, and 
F,, by successive approximations. For a first 
approximation, we neglect the double summa- 
tion and higher order terms in (12) and solving, 
we have, 








A,L 
E,=- ' (15) 
a"{ (Ao/a)"—(a/Ao)" 
a"A,L 
F,, (16) 


~ (Ao/a)"—(a/Ao)” 


* See reference 1, p. 63. 
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Substituting these expressions in (13) and sub- 
tracting (9) from (13), we have to a first 
approximation, 

2nrK 


C= 
logA o/a—= A ?(4+3jR)) 





farads/meter (17) 
x (Ao/a)’+(a/Ao)? 
’ (Ao/a)i—(a/Ao)* 





(18) 


Thus we have an approximation which is of the 
order of j7A;*. We can now obtain further ap- 
proximations by substituting (15) and (16) in 
the neglected part of (12) and resolving for E,, 
and F,, and so forth. This, however, will result 
in corrections to C which are of higher powers in 
jA; and hence may be neglected because of (4). 
It should also be noted that A» is always greater 
than a; otherwise there would be points on the 
outer conductor for which 7 is less than a, which 
is intpossible. 

Also, by (2), 


Zo in air 
= 60[logA o/a—2YA 7(4+3jR;) ] ohms (19) 
1 


since v=3X 10° meters/sec., and K =8.85«10-" 
farads/meter. 

A case of interest is where Ao/a is of the 
order of 3 or greater. Then R; is approximately 
1 and 


Zo) = 60[logA »/a+d | (20) 
d= —2A (4 +3). (21) 


Since d is at most of the order of a few percent, 
we may replace d by 


log(1+d) and Z,)=60 logA*/a (22) 


and A*, which is Ao/1+d, may be considered 
as the outer radius of an equivalent coaxial 
(concentric lines) line, with the same charac- 
teristic impedance. 


APPLICATION OF RESULTS TO SQUARE 
OUTER CONDUCTOR 


For a square of side 2b, the polar equation is, 
r=b seco 0<o< 1/4 
r=bcsco; r/4<¢< 24/2 (23) 
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with a periodicity of #/2. Hence only cos4j¢ 
terms will appear in the Fourier series, and 


45 
A a= -~Po 


T 


Rh rif 
AvAs;=—p;j; pi= f seco cos4 jod¢. 
7 


0 


(24) 


Now, 


rii 
pji1i-—pi= 2f [cos(4j— 3)¢—cos(4j — 1 )o \do 


0 


= (—1)'*12.828 /(4j-3)(4j—1). 


Thus knowing po, p; is easily calculated; and 
po=.881, pi=—.062, p2=.019, ps=—.010, py 
=.005, Ao=1.12b; Ag=—.14, As=.044, Av 
= —.021, Aig=.012. Thus condition (4) is ap- 
proximately satisfied with p equal to 12. Thus, 


Zy= 60[logb /a+ .108 
— 039R,— .008R;— 002Ri2 |, 425) 


with 
1.570(b /a)*+.636(a/b)' 
R,.=—— ' (26) 
1.570(b/a)*— .636(a/b)* 





and Rs and Ri: are given by similar expressions, 
with the constants replaced by (2.480, .403) and 
(3.870, .258), and the exponents by 8 and 12, 
respectively. 

For b/a of the order of 2, the equivalent outer 
radius defined by (22) is 1.066. This value com- 
pares more or less favorably with 1.08), ob- 
tained by Frankel.’ For 6/a less than 2, Frankel’s 
derivation does not apply, and the correct Zo is 
given by (25). 

For b/a equal to 1, Zo from (25) is .06 ohms, 
which is fairly close to the actual value of Zo, 
namely, 0. This constitutes a partial check upén 
the accuracy of this formula. 

Finally | wish to thank Mr. Benjamin Parzen 
for suggesting the problem. 

+S. Frankel, “Characteristic Impedance of Parallel 


Wires in Rectangular Troughs,”’ Proc. I.R.E. 30, 182 
(1942). 





Thermal Conductivity of Aluminum; Solid and Liquid States 


C. C. Bipwectt anp C. L. HoGan 
Lehigh University, Bethlehem, Pennsylvania 


(Received April 9, 1947) 


Thermal conductivity measurements on lead, tin, and zinc extending over the liquid as well 
as the solid states were reported by one of the authors in 1940. The present report extends this 
work to cover aluminum in both the liquid and solid phases. An improved technique is described. 
The law k/pC=K(1/T)+RK’ is found to hold for aluminum also, with the intercept, K’, the 
same for both states. The thermal conductivity (&) decreases with rise of temperature as it does 
for lead, tin, and zinc. On this point previous workers have published very conflicting data. 


INTRODUCTION 


ATA on the thermal conductivity of alumi- 
num in the handbooks, the critical tables, 
and as collected and published in The Alumi- 
num Industry’ are conflicting particularly as 
to the change with temperature. No data for 
the liquid state are reported. Several observers 
report a rise of thermal conductivity with 
temperature; only one, Konno,’ reports a de- 
crease. The present data on a specimen of purity 


' Edwards, Frary, and Jeffries, The Aluminum Industry 
(McGraw-Hill Book Company, New York, 1930). 
2S. Konno, Phil. Mag. 40, 542 (1920). 
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99.20 percent is in exact agreement with Konno's 
values (0.50 at 0°C; 0.36 at 600°C). A specimen 
of purity 99.95 percent is found to have a higher 
conductivity, viz., 0.54 at 25°C, decreasing to 
0.44 at 657°C. On this specimen, measurements 
were extended into the liquid state at points 
740°C and 900°C. 


THE METHOD 


The Forbes bar method previously used was 
further modified and adapted to high tempera- 
ture work. A cylinder of the material under 
study, 25 cm long, 2.5 cm in diameter, was 
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centered vertically in a tubular furnace and 
surrounded with finely screened silocel. Thermo- 
junctions were previously fastened to the rod 
every 3 cm by insertion into small holes drilled 
about 1.5 mm deep, and the junctions peened in. 
At the upper end, just above the top junction, 
was placed a heater coil of about 10 turns of 
B & S No. 26 nichrome wire, insulated from the 
bar by mica or asbestos. The junction wires, 
encased in fine quartz tubes, were led down and 
out the bottom of the furnace tube, the heater 
wires going out the top. A reference junction 
was inserted into the furnace from below to a 
point just below the bottom of the test rod but 
not touching it. Another reference junction, as 
a spare, was inserted from above to a point 
about half-way down the specimen but placed 
near the furnace tube so as not to be affected by 
the heater at the top of the rod. The junctions 
could be connected in turn differentially with 
either of the reference junctions and led directly 
to the galvanometer (Leeds and Northrup Type 
R 2500 a). At any particular temperature steady 
conditions were indicated by the galvanometer 
readings. (The zero was adjusted to the right 
hand end of the scale at 30, thus making the 
whole scale available.) Deflections were differ- 
entials between the given junction and the refer- 
ence. At room temperatures all junctions would 
read alike at 30. At higher temperatures there 
was always a residual temperature difference, 
and initial readings for each junction had to be 
taken and the heater turned on only when steady 
readings were obtained. A deflection of 60 divi- 
sions meant approximately 6°C. At upper tem- 
peratures the deflection for the bottom junction 
was very small, while that for the top junction 
(No. 1) might be as much as 20 divisions. The 
elimination of this gradient while desirable was 
not necessary. Also a slight drift of all junction 
readings due to temperature drift had to be 
tolerated and corrected for. 


PROCEDURE 


When all junctions show fairly steady condi- 
tion, the time is noted, and the readings from 
top to bottom of the specimen and back again 
are recorded and again the time noted. This is 
repeated several times in order to determine the 
drift. Then the time is again noted, the heater 
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turned on and, after about three minutes, the 
readings again taken from top to bottom and 
back and the time noted before and after. This 
is immediately repeated, and then the switch is 
opened. The cooling data are immediately ob- 
tained, using the top junction and taking read- 
ings every half minute. The readings should all 
be taken within about ten minutes from the 
time of closing the heater switch, otherwise the 
reference points become uncertain. Only the 
cooling data from the top junction are significant, 
the other junctions indicating too low a rate 
because of the inflow of heat from the upper 
part of the bar. The cooling rate for the top 
junction (which is about 4 cm from the top of 
rod) is approximately corrected with respect to 
the heat flow down the rod although for the 
first minute even this rate is low. This shows up 
on the d7/dt, T curve which is a straight line 
except possibly for the first few points. We have 
now two sets of data, the gradient data and the 
cooling data. The actual temperature is observed 
by connecting one of the reference junctions (or 
any junction) to a potentiometer. The gradient 
data and the cooling data are now plotted. First 
the temperatures (galvanometer deflections) are 


. plotted for the gradient data, the deflections as 


ordinates, the distances down the rod as abscissa, 
taking the position of the top junction as x=0. 
This is the 7, x curve. Slopes of this curve are 
measured graphically and the d7T/dx, x curve 
plotted. Then the slopes of this curve are meas- 
ured and the d?7/dx*, x curve plotted. The 
cooling data are plotted giving the 7, ¢ curve 
(T as ordinates and ¢ (time) as abscissa). The 
slopes of this curve are measured and plotted, 
dT /dt as abscissa, T as ordinates. Corresponding* 
values of dT /dt and d?T/dx*? for the various 
values of T are plotted, d?7/dx* as ordinates, 
dT /dt as abscissa. The straight lines usually go 
through the origin but not always. The constant 
value of dT /dt/d?T /dx? is called m (actually the 
reciprocal of the slope considering the way the 
curves are plotted), and m=k/ap, where k is the 
thermal conductivity, o the specific heat, p the 
density. k is thus determined if o and p are 





* Corresponding values are values for the same temper- 
ature 7. dT /dt values are read directly, but d*7/dx* is 
found by finding the value of x for the given T (on the 7, 
x curve) and for this valne of x moving vertically to the 
value of d?7/dx?. 
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Fic. 1. Sample set of data for thermal conductivity of 
aluminum at 650°C. 


known. Figure 1 is a sample of the plots. A 
similar set of curves is obtained for each value 
of k determined. 


THEORY 


This is the old Forbes method described by 
Forbes in 1868. The difference in the heat 
flowing down the rod at one level and out at a 
slightly lower level is RA (d7T/dx),—kA(dT/dx)s, 
and this difference is opAldT/dt. A, the cross 
section cancels, / is the difference between the 
two levels, and 





(dT /dx),—(dT/dx)» 
; = 


d°T dx”. 


The equation is 


apd T /dt=kd?T, dx* 
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Fic. 2. Thermal conductivity and temperature of 
aluminum. 
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or 


k 
dT ‘dt=—-d*T dx*. 
op 


This calls for a straight line through the origin. 
Often the curve does not go through the origin. 
In taking the data one has to compromise—one 
cannot wait until conditions are completely 
steady. The reference junction readings are 
slowly changing, and hence one must be satisfied 
even though the temperatures are still slightly 
rising. This introduces a term opd7T/dtq on the 
left side of the above leading to the equation 
dT ka@T dT 


dtc op dx* dty 


apdT /dty is the residual heating, spdT /dt¢ is the 
observed cooling. Careful study of the data shows 
that the intercept is thus accounted for. 

When measurements in the liquid state are 
desired the specimen must be contained in some 
inert container. In this work graphite was used 

-a long cylindrical crucible being bored out of 
a graphite electrode. The walls were about 3 mm 
thick, and the junctions were placed in small 
holes drilled into these walls but not clear 
through. The wires encased in quartz tubes were 
tied on with threads, the silocel packing holding 
them in place when the threads burned away. 
The heater was wound on the graphite cylinder 
(insulated with mica) and measurements made 
as before. The equation now is 


apaAgdT /dt+o,p,A dT /dt 
=kAg?T dxt+k,A aT ‘dx’ 


or 
dT 





| RaAatk Ay f T 


dt FaPahatGypyA, dx? 


If one takes account of the slight heating, the 
term dT /dty is to be subtracted from the right 
side as above. The subscripts refer to aluminum 
and graphite. Values of op, were obtained from 
The Aluminum, Industry or determined experi- 
mentally. The latter was necessary for the 
graphite. For this purpose observations were 
made as above on a graphite rod at room 
temperature and at 700°C. This gave values of 
k,/G4Py. FgPy Was Obtained by an auxiliary experi- 
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ment in which a graphite rod with an axial 
heater was held at various temperatures and the 
watts input noted. Later cooling curves were 
taken through these temperatures. The equation 
o,p,AldT /dt= VI/4.18 permits the computation 
Of oypy- 


RESULTS 


The values of the thermal conductivity -of 
aluminum (99.95 percent) are as follows: at 
25°C, 0.538; at 240°C, 0.486; at 250°C, 0.486; 
at 450°C, 0.452, 0.456; at 650°C, 0.445; at 
740°C (liquid), 0.143; at 900°C (liquid), 0.180. 
For the aluminum (99.2 percent**) the values 
are: at 25°C, 0.500; at 245°C, 0.457; at 450°C, 
0.414; at 590°C, 0.365. These values are shown 
graphically in Fig. 2, together with Konno’s 
points. The error in these values does not exceed 
+.005, assuming the accuracy of the values of 
op (taken from The Aluminum Industry). 
The 99.95 specimen shows higher conductivity 
throughout, and the change with temperature is 
a decrease paralleling the change for the com- 
mercial specimen. Figure 3 shows the data for 
the c.p. specimen plotted to test the relation 
k/pC=K(1/T)+K’. This relation is found to 
hold with the intercept, K’, the same for the 
solid and liquid phase, exactly as was found for 
tin, lead, and zinc.’ (C in this equation is the 
atomic heat.) Since only two points were found 
for the liquid state it probably is more proper 


** Analysis of the 99.2 percent specimen: Si 0.10 percent, 
Fe 0.67 percent, Cu 0.01 percent, Mn<0.01 percent, 
Mg <0.01 percent. 

3 Bidwell, Phys. Rev. 58, 561 (1940). 
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to state that the data are at least consistent 
with this equation. 


THERMAL CONDUCTIVITY OF GRAPHITE 


_ The thermal conductivity of graphite as here 
determined was found as 0.30 at 25°C. Buer- 
schaper* finds 0.26 for radial and 0.40 for longi- 
tudinal, while Powell and Schofield’ find 0.34 at 
this temperature. The value here found for 
700°C, 0.123, is consistent with an extrapolation 
of the data of the above observers. 
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Letters to the Editor 








Stabilization, Tempering, and Relaxation in the 
Austenite-Martensite Transformation * 


J. H. Hottomon,t L. D. Jarre, ano D. C. Burrum 
Watertown Arsenal Laboratory, Watertown, Massachusetts 
Received May 12, 1947 


RANSFORMATION in steels of the face-centered 

cubic phase, austenite, to the body-centered tetra- 
gonal phase, martensite, ordinarily takes place only during 
cooling. The temperature (Ms) at which the transformation 
begins is independent of the cooling rate. The extent of 
transformation at any temperature below Ms is less, the 
lower the cooling rate. Moreover, holding at a constant 
temperature below Ms decreases the extent of transforma- 
tion on subsequent cooling to a fixed lower temperature.” 
This phenomenon, termed stabilization, is believed to arise 
from a change in microstresses with time. This change 
might result from (a) decomposition of the metastable 
martensite (tempering) and consequent dimensional 
change, or (b) stress relaxation (viscous flow) of microscopic 
regions. 


Specimens of a quenched steel containing 1 percent C, 
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1.5 percent Cr, were stabilized at various temperatures and 
times. The specific volume at room temperature (R.7.) 
was then determined before and after cooling to — 196°C. 
The results (Fig. 1) indicate that the time and temperature 
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FiG. 2. Relation between time and temperature 
for fixed loss of tetragonality. 


for a fixed degree of stabilization are related through an 
activation energy of about 21,500 cal./mole. 

Specimens of a quenched plain-carbon, 0.95 percent C, 
steel were cooled to —196°C, then tempered at various 
temperatures and times. The tetragonality, c/a—1, of the 
martensite lattice at R.T. was determined by x-ray 
diffraction methods. The results (Fig. 2) indicate an 
activation energy of 34,000 cal./mole for the first stage of 
tempering. 

Rods of quenched plain-carbon steel, 1.25 percent C, 
were heated to 100°C and twisted a fixed amount, not 
enough to cause permanent set. After holding 30 min., the 
specimens were cooled to lower temperatures and released. 
The anelastic twisting, measured as a function of time 
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FiG. 3. Relation between time and temperature of untwisting for a fixed 
amount of untwisting. Twisted 30 degrees at 100°C. Held 30 minutes. 


(Fig. 3), corresponds to an energy of about 22,500 cal./mole 
for stress relaxation. The energies observed for stabilization 
and relaxation are approximately equal to that reported * 
for stress relaxation in plastically deformed iron (ferrite). 

Different steels were used for the different tests to obtain 
the required accuracy. However, changes in steel composi- 
tion are unlikely to affect the activation energies materially, 
particularly in the light of the above agreement between 
the heats of activation for stress relaxation. It is concluded 
that stabilization in the austenite-martensite reaction does 
not arise from tempering of martensite, and probably 
arises from stress relaxation. Apparently, the relaxation 
centers responsible for stabilization are produced by local 
plastic flow caused by austenite-martensite transformation 
and perhaps by non-uniform thermal contraction. 

This work will be discussed in detail elsewhere. 

* The statements and opinions in this letter are those of the authors 


and do not necessarily express the views of the Ordnance Department. 
+ Now at General Electric Research Laboratories, Schenectady, New 
y 


ork. 
1 J. A. Matthews, Trans. A.I.M.E. 71, 568 (1925). 
2G. Tammann and E. Scheil, Zeits f. anorg. allgem. Chemie 157, 1 
1926). 

3W. A. West, Tech. Pub. 1993, A.I.M.E., Metals Tech. 13, No. 5 
(1946). 





Remarks on Compressive and Tensile Strengths 


Concerning a Paper by P. W. Bridgman 
STANLEY THOMPSON 
North American Aviation, Inc., Los Angeles, California 
April 9, 1947 


N a recent paper! Bridgman has discussed a series of 

tests on the effect of hydrostatic pressure on the 
fracture of brittle materials. The remarks of this letter 
are considered pertinent to Bridgman’s paper, since they 
explain some of the anomalies mentioned. 
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Tests to failure in compression by Féppl* indicate that 
the magnitude of the compressive strength, as well as the 
type of failure observed, depends markedly on the end 
conditions of loading. Féppl tested his specimens under 
two end conditions of loading, lubricated and unlubricated 
loading faces; and with two types of compressive loading, 
one-dimensional and two-dimensional. With a specimen 
of concrete, the compressive strengths in the four cases 
were related as shown in Fig. 1. 


OME -DIMENS ONAL LOAD 2 


Ps me RELATE STRENGTH 
f ; j Ge-s 1 UNLUBRICATED FACES 100 
ee se 2 LUBRICATED FACES 056 
----> 
} a“ 


3 UNLUBRICATED FACES 93 
4 LUBRICATED FACES os8 





Fic. 1. 


With the surfaces unlubricated, failure occurred by 
breaking off wedge-shaped pieces, while with lubricated 
surfaces failure occurred in planes parallel to the direction 
of compression—as if a tension existed at right angles to 
the direction of compression—with almost the same load 
for the one-dimensional case as for the two dimensional. 
The variation between lubricated and unlubricated surfaces 
is attributed by Féppl to the effect of shear stress across 
the loading faces. Since a compressive specimen must be 
comparatively short to prevent buckling, the end condi- 
tions are rarely negligible. 

For an analysis of the type of failure produced and a 
prediction of the comparison between compressive and 
tensile strengths, it is desirable to consider the load 
systems shown in Fig. 2. Figure 2(a) shows a two-dimen- 
sional compressive loading (—o,); Fig. 2(b) shows a hy- 
drostatic pressure, numerically equal to the compressive 
loading of Fig. 2(a) on which is superimposed a one- 
dimensional tensile loading numerically equal to the 
hydrostatic pressure. Neither the theory of elasticity, nor 
any test, can differentiate between these two loading 
systems, since they are physically identical. 

In that which follows, aside from the entire equivalence 
of load systems (a) and (b) in Fig. 2, one assumption is 
made: the equivalence of breaking stress under one- and 
two-dimensional loading, as found experimentally by 
Féppl for lubricated loading faces, and as predicted by the 
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semi-empirical shear and octahedral-stress theories. As a 
result any given one-dimensional compressive breaking 
stress (—o,) superimposed on a given hydrostatic pressure 
(—P;) is equivalent to a one-dimensional tensile breaking 
stress (+¢,) of equal magnitude superimposed on a hydro- 
static pressure (—/?;—¢,). A plot satisfying this condition 
of breaking stress o(?) against hydrostatic stress P is 
shown schematically in Fig. 3. Positions above the hori- 
zontal axis represent tensile breaking stresses, those below 
compressive breaking stresses; positions to the right of the 
vertical axis represent hydrostatic tensions (triaxial ten- 
sion), those to the left, hydrostatic pressure (triaxial 
compression ). Tensions are considered positive, compres- 
sions negative. It should be noted that op is zero when P 
is positive, which corresponds to failure under hydrostatic 
(triaxial) tension only. ; 

The relationship shown in Fig. 3 can be expressed 
mathematically by the equation 


S(P)=—g(P +P), (1) 


where f(P) represents either branch of the curve fer 
breaking stress op, and g(P+/) represents the other 
branch. 

It is interesting to compare the slope df(P)/dP of the 
branch f(P) at any abscissa P with the slope dg(P+f/) 
d(P +f) of the branch g(?+/) at the corresponding (? +f). 
From Eq. (1): 


df(P) 
d(P+f) df(P) 


These slopes correspond to the pressure coefficients of 
stress for the two branches of the curve. It can be concluded 
from Eq. (2) that a pressure coefficient of tensile strength 
at P between 0 and 1 corresponds to a pressure coefficient 
of compressive strength at (P+/) between 0 and «, and 
the coefficient for compressive strength is always the 
larger. 

Bridgman reports that ‘the effect of hydrostatic pressure 
is markedly greater in increasing the compressive strength 
of glass than in increasing its tensile strength.’’ Equation 
(2) and Fig. 3 give a measure of this effect for any function 
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f(P). Uf either the compressive or tensile breaking stress 


is known experimentally as a function of hydrostatic 
stress, the other may be obtained without experiment by 
use of Eq. (1) or Fig. 3. 

Since actual compressive failures of homogeneous ma- 
terials under hydrostatic pressure cannot occur, it is 
concluded that failure of a material under compressive 
loading, in one or two directions, will occur in a manner 
typical of tensile failures for that material under corre- 
sponding hydrostatic pressure. Any departure from this 
type of failure, or from behavior predicted by a plot 
similar to Fig. 3, isa measure of the experimental departure 
from idealized end conditions or inhomogeneity of ma- 
terial. It is believed that the angular’ fracture of glass in 
simple compression when supperted by hydrostatic pres- 
sure, shown in Bridgman’s Fig. 3, may be due to the end 
effects investigated by Féppl and that the numerical 
results thus obtained for compressive strength are un- 
reliable. 

'P. W. Bridgman, J. App. Phys. 18, 246 (1947). 


?A. Féppl, Mitteilungen ausdem Mech. Tech. Lab. in Miinchen 
(1900). 





Reply to ““Remarks on Compressive and 
Tensile Strengths” 


P. W. BRIDGMAN 
Harvard University, Cambridge, Massachusetts 
April 22, 1947 


HANK you for letting me see the remarks by Stanley 

Thompson on my paper on brittle fracture under 
pressure. These remarks are interesting as showing the 
consequences of carrying through to a mathematical 
conclusion the implications of a literal acceptance of the 
results of the equivalence of one and two dimensional 
loading in compression. I think, however, that one would 
not expect the bearing on the experimental situation to 
be any too close. Féppl’s results were obtained only for a 
single material of not very typical properties, namely, 
cement and furthermore were obtained only at atmospheric 
pressure. In developing his mathematics Thompson had 
to make an additional assumption not covered by the 
experiments of Féppl, namely, that the equivalence of 
one and two dimensional compression would continue to 
hold if the experiment were performed in a medium to 
which any hydrostatic pressure whatever is applied in 
addition to the compressions. I very much question 
whether this is legitimate. One of the conclusions that could 
be drawn is that when the effects of terminal friction are 
eliminated, only one type of fracture occurs, the same 
under simple tension as under simple compression. It is 
tacitly assumed that this type of fracture is the simple 
tension type, but I can see no intrinsic reason in the 
argument for preferring this to the ordinary simple com- 
pression type except the highly special experiments of 
Féppl. The point of view of Thompson also commits him 
to the position that the same type of fracture will prevail 
along the entire course of both the upper and lower 
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branches of the curves in his Fig. 3. This seems to me 
highly improbable. 

Of course I will have to admit that there is some justice 
to his last sentence, namely, that terminal friction modifies 
the figures for the fracture stresses that would be given 
by using only the figures for hydrostatic pressure and 
compressive stress. But, I think the modification would 
not be large, and I think the effect is in the wrong direction. 
The most complete fracture experimentally was obtained 
near the ends, where the effect of friction in fictitiously 
raising the strength is the greatest according to Thompson’s 
suggestion. If this is correct it seems to me that fracture 
should have occurred first at the center and should have 
been most complete there. Furthermore, I think substitu- 
tion of the numerical values into a diagram like his Fig. 3, 
both for glass and Carboloy, would show that a rather 
improbable state of affairs is demanded. 

Certain aspects of Thompson’s analysis of the stress 
system into hydrostatic pressure and superposed simple 
stresses are much like my analysis in Mechanical Engi- 
neering, February 1939, in which similar questions are 
discussed. 





European Induction Accelerators 


ROLF WIDERGE 
Ziirich, Switzerland 
(April 21, 1947) 


I have read with interest in the January number of this 
journal H. F. Kaiser's account concerning ‘‘European In- 
duction Accelerators’”’ and should be grateful if you would 
allow me to augment and also to correct some of the state- 
ments contained therein. 

First of all, as regards the historical data concerning 
the development of the betatron: in the autumn of 1922 
I had already invented the “ray transformer” (my own 
designation for the electron induction accelerator) in 
Karlsruhe during my studies there, quite independently of 
Slepian. In 1925 I applied for a German Patent on this 
invention, but this patent application was subsequently 
abandoned. After the completion of my experimental work 
under Professor Rogowsky in Aachen (1925-1927), it was 
only in the autumn of 1942 that I learned of the work 
done by Kerst and other investigators in the meantime.” 
Subsequently, up to June 1943 I was able to make a number? 
of inventions during my work at the Norsk Elektrisk 
Brown Boveri in Oslo, these inventions being confiscated 
in the autumn of 1943, however, by the German authori- 
ties. Slepian’s U. S. Patent, which had not been mentioned 
by Kerst in his first publication, only came to my knowl- 
edge accidentally some time later, so that it appears to 
me that Slepian’s proposals can only have been of slight 
importance as regards the development of the induction 
accelerator.* 

In Kaiser's account it is stated that the formula for the 
average electron ray current was found by me. This is an 
error, and in my work’ it is clearly stated that this formula 
and its derivation originate from Kerst. According to this 
formula it should not be possible to obtain an appreciable 
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amount of y-rays with a 15-mv transformer at such a low 
frequency as 50 cycles. With Ar =2 cm and dr=0.1 cm, for 
instance, the formula gives an injection voltage of about 
170v and an average current strength of only about 
0.0085 nA. Compared with this we used an optimum in- 
jection voltage of 7-10 kv and attained an average current 
of about 0.03 wA, the maximum obtainable current strength 
for this injection voltage being probably about 10 times 
higher. The remarkable fact that small ray transformers 
can still be operated to advantage with such a low fre- 
quency as 50 cycles was entirely novel in 1944 and cer- 
tainly represents the most important result obtained from 
the work performed in Hamburg. 

Our experimental results obtained with the 15-mv trans- 
former can, as shown by Touschek and myself, be ex- 
plained by elaborating the original Kerst-Serber assump- 
tions.* When in accordance with our theory the electron 
source is placed inside the potential channel of the sta- 
bilizing forces, the efficiency of the electron injection can 
be calculated approximately from: 


_— et LEA a ia h 
aw’ oe oe = 


Ui=injection voltage 
AU =induced voltage per turn 
b=width of electron source 
h=height of electron source 
Ar=radial oscillation amplitude of electrons 
z=axial oscillation amplitude of electrons. 


where 


If the electron gun is located outside the potential channel 
(“injection from outside’), the efficiency of the electron 
injection will depend on the divergency of the injected 
electron beam, because only very small deviations from 
the optimum direction of injection are permissible for 
catching the electrons. With the 15-mv transformer, the 
angular deviation for Ui=10 kv may for instance only 
amount to about 0.16°—0.32°. It can be shown thag in this 
case the efficiency of the injection in first approximation 
will be proportional to: 
(= 
l 
In conclusion I should like to state that our work in Ham- 
burg was performed quite independently and without 
knowledge of that done by Siemens-Reiniger and other 
investigators. An account given at a mutual discussion in 
Erlangen (Nov. 1944) concerning the favorable results 
obtained by us with the 50-cycle ray transformer probably 


may have given the impetus for the later construction of 
corresponding 50-cycle apparatus by Siemens. 





z 
-) where 4 =x}. 
/; 


1 Described in Achiv fiir ittcterheds 21, 387 (1928). 

? Phys. Rev. 59, 110 (1941); 60, 47 (1941). 

3 E.g., ““Premagnetising the control field," German Pat. Appl. 
Ww 113740 VIlIc/21g. ‘Elimination of the air gap by reverse magnetisa- 
tion,” * German Pat. Appl. W 113763 VIIIc/21g. “New injection system 
for electrons,"” German Pat. Appl. W 113563 VIIIc/21g. “Electron 
lenses,"” German Pat. Appls. W 113742 and W 113925 Villc/2ig. 

41 presume that the well-known phenomenon of an electrodeless 
annular discharge, developing in a poor vacuum chamber under the 
influence of high frequency magnetic fields, provided the first impulse 
for my own inventions. 

5 Archiv fiir Elektrotechnik 37, 391-408 (1943). 

6 A detailed report of this work will shortly appear in the “Schweizer 
Archiv.” 
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Direction of Maximum Crystal Elongation 
during Metal Cutting* 


G. H. 
MU etropolitan-Vickers Electrical Company, Ltd., 
March 17, 1947 


TOWNEND 
Manchester, England 


N an interesting paper by Dr. M. E. Merchant on 

“Mechanics of the Metal Cutting Process,’"' an error 
was made in the expression connecting shear angle, rake 
angle, and direction of maximum crystal elongation (Eq. 
(1), page 269). I have written to Dr. Merchant and he 
confirms the new expression derived below. 


Let a=rake angle, 
@ = the angle between the shear plane and the surface 
of the workpiece. 


Consider a section of the workpiece ABCD such that 
<CBD=90°. Then after shearing this section will become 
the parallelogram BFEC. The dimension perpendicular to 
the shear plane must be unchanged during shearing. 
BD=BH=a. 

Consider a line CG in the chip making an angle y with the 
plane of shear. Then the corresponding line in the work- 
piece is DJ. The condition that CG shall be the direction 











—Workpiece— 


Fic. 1. 
of maximum crystal elongation is that CG/DJ is a maxi- 
mum. 
CG =a cosecy, 
DJ = {a?+ (a coto@—a coty +a tan(@—a)?)?}). 
The condition is that 
{sin*y + (cot siny — cosy + tan(@—a) siny)?}~ 
is a maximum. That is, 
sin*y + {siny(cot@¢+tan(@—a)—cosy)}? 
is 2 minimum. Let 
cote@+ tan(¢@—a)=e, 
é sin2y — 2 cos2y = 0. 
If «+0 
2 cot2y =e, 
2 cot2y = cote+tan(@—a). 

Alternatively it is easily shown that a circle on the 
workpiece becomes an ellipse on the chip and that the 
principal axes of the ellipse make an angle y with the shear 
plane, where 

2 cot2y = cot¢+tan(d@—a). 
* This letter was published in the May issue of the Journal of Applied 


Physics, but through an error Fig. 1 was omitted. 
1J. App. Phys. 16, 267 (1945). 
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Here and There 








New Appointments 


A recent issue of Science reported the following new 
affiliations: 

E. C. Watson, Professor of Physics at California Insti- 
tute of Technology, has been appointed chairman of the 
Division of Physics, Mathematics, and Electrical Engi- 
neering. 

C. J. Gorter, Professor of Physics and Co-Director, 
Physical Institute, University of Leiden, and formerly 
Zeeman Professor of Physics, University of Amsterdam, 
is a visiting lecturer at Harvard University for the 1947 
summer term. He is conducting one course in advanced 
dynamics and one in relaxation phenomena. The latter 
treats magnetic and dielectric absorption and dispersion 
in alternating fields, a subject in which Professor Gorter 
has made outstanding contributions. 

H. P. Robertson, a member of the faculty of Princeton 
University since 1928, has been appointed Professor of 
Mathematical Physics, California Institute of Technology, 
effective July 1. 


Distribution of Concentrated Boron 10 


Concentrated isotope boron 10, which enables scientists 
to make more sensitive neutron-detection tubes and there- 
by speed up results in atomic research problems, is now 
available, the Isotopes Branch of the Atomic Energy 
Commission has announced. However, only a_ limited 
quantity is ready for general distribution. Requests will 
be carefully reviewed and allocations will be restricted to 
reasonable quantities for the proposed investigation. 

Boron 10 atoms are normally quite stable. They have, 
however, a great affinity for neutrons. When a boron 10 
atom captures a neutron it is transmuted into two energetic 
nuclear particles, one lithium and the other helium. The 
latter is the well-known alpha-particle. Either particle 
serves as an excellent trigger for a tube designed to count 
neutrons. Boron found in nature contains only 20 percent 
boron 10. Hence a neutron-detection tube five times more 
sensitive can be made by employing nearly pure boron 10 
rather than an equal quantity of ordinary boron. The 
boron 10 was produced by concentrating the isotope from 
natural boron in studies of isotope concentration. 

Boron 10 will be packaged for shipment in the form of 
the solid complex boron trifluoride-calcium fluoride. The 
complex contains 6.9 percent elemental boron, of which 
96 percent is B 10. Approximately 6.5 grams of BF 3-CaF»2 
are needed to obtain one liter of BF; at normal temperature 
and pressure (assuming 100 percent liberation). The boron 
trifluoride may easily be released as a gas by heating to 
temperatures above 260°C in a vacuum. 

The price of BF;-CaF:2 complex is $2 per gram, inde- 
pendent of quantity. Shipping charges will be added to 
the invoice. There is no additional handling fee per ship- 
ment. Standard units of 1, 5, 10, and 50 grams have been 
packaged in glass containers with moisture-proof plastic 
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screwtops. Requirements will be filled in single units or 
multiples of these standard sizes. Clinton Laboratories, 
Oak Ridge, Tennessee, will act as the supplier. 


Exhibit of Technical Photographs 


A special section devoted to photographs of technical 
and scientific subjects will be included again this year in 
the annual exhibition of the Photographic Society of 
America. The exhibition will be hung at the Oklahoma 
Art Center, Oklahoma City, and contributors are invited 
to submit prints for the technical section prior to Septem- 
ber 8. Prints should be mailed to W. F Swann, 343 State 
Street, Rochester 4, New York 

Subject matter may cover any phase of technical 
photography save pictorial photographs of technical or 
mechanical operations. Scientific and industrial photo- 
graphs illustrating original and novel photographic tech- 
niques may be submitted. These include photographs in 
such fields as astronomy, geology, medicine (except diag- 
nostic radiographs), metallography, mineralogy, and 
physics. Both black-and-white or color photographs are 
acceptable. Technical data pertaining to each photograph 
should be lettered neatly in the lower left-hand corner of 
each mount, if possible, and the maker’s name should 
appear on the face of the mount. There is no limit to the 
number of prints which may be submitted by a competitor. 


Brookhaven Advisory Committee 


Dr. Edward U. Condon, Director of the National 
Bureau of Standards, and Dr. Detlev W. Bronk, Chairman 
of the National Research Council, have accepted appoint- 
ments as members of the Scientific Advisory Committee 
of Brookhaven National Laboratory, Long Island, New 
York. 


Louisville Research Institute Dedicated 


The University of Louisville Institute of Industrial 
Research (affiliated with Speed Scientific School) dedicated 
its new research building on June 12, 1947. 


Herman F. Mark Accepts Belgian Chair 


Herman F. Mark, Director of the Institute of Polymer 
Research and Professor of Organic Chemistry, Polytechnic 
Institute of Brooklyn, has been invited to accept the 
Chair Franccki at the University of Liége, Belgium, for 
the academic year 1947-1948. The guest professorship 
involves a six-month lecture tour of several Belgian 
universities. 


Spectrochimica Acta Re-Established 


The journal Spectrochimica Acta has been re-established 
as an international organ for spectroscopists and spectro- 
chemists, to be published in the Vatican under the editor- 
ship of Dr. Alois Gatterer, assisted by a group of co- 
workers in other countries, as follows: Dr. R. Breckpot of 
Belgium, Dr. H. Kaiser of Germany, Dr. E. Van Someren 
of England, and Dr. Lester W. Strock of America. It is 
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expected that the first number of the journal will be 
ready for press by August 1, and that from six to eight 
numbers a year will be issued thereafter. Papers in English 
from America should be submitted to Dr. Strock:at 21 
Madison Avenue, Saratoga Springs, New York. The 
official languages of Spectrochimica Acta are English, 
French, and German, and papers will also be accepted in 
Italian and Spanish. 


Second Instrumentation Exhibit 


Over ninety manufacturers of instruments and devices 
for measurement, inspection, testing, and control have 
already signed up to exhibit their latest developments at 
the coming second annual Instrument Conference and 
Exhibit at the Stevens Hotel, Chicago, September 8-12, 
1947, sponsored by the Instrument Society of America. 


Lehigh to Remodel Two Buildings 


Lehigh University is remodelling its physics and chem- 
istry buildings at an approximate cost of $105,000. Work 
is expected to be completed before the opening of the fall 
semester. The physics building will be equipped with new, 
laboratories for high voltage x-ray equipment, electronics, 
electric waves, and optical and spectroscopic work. 


Awards 


Otto Stuhlman, Jr., Professor of Physics, University of 
North Carolina, received the Poteat Award at the 64th 
annual meeting of the North Carolina Academy of Science, 
May 9-10, in recognition of his biophysical paper “A 
Dynamical Analysis of the Movements of the Lobes of 
the Venus’ Flytrap.” 

Presidential Medals for Merit were presented on May 5 
to the following scientists for outstanding contributions to 
the Navy’s war effort: John T. Tate, Chairman of Research 
and Professor of Physics, University of Minnesota; 
Frederick V. Hunt, Chairman of the Department of 
Engineering Sciences, Harvard University; Gaylord P. 
Harnwell, Chairman of the Department of Physics, 
University of Pennsylvania; and William V. Houston, 
President of Rice Institute. 


Detection of Isotopes by Tracer Micrography 


A method for the more effective tracing of radioactive 
isotopes in materials in which they have been intentionally 
introduced has been developed by L. Marton of the Na- 
tional Bureau of Standards with the cooperation of P. H. 
Abelson of the Department of Terrestrial Magnetism, 
Carnegie Institution of Washington. In this procedure, by 
means of a magnetic focusing arrangement, the radiation 
given off by a radio-isotope within a sample material is 
made to form an image of the emitting surface upon a 
photographic plate. The image may then be used in study- 
ing the distribution and concentration of the radioactive 
element present in the sample. 

In many chemical, biological, biochemical, and other 
fields of research, there is growing application of the 
method of tracers, in which the isotope of a given element 
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is used as an indicator to tag or label certain groups of 
atoms so that they may be distinguished from other atoms 
of the same kind. Identification of tracer elements is at 
present greatly facilitated through the use of radioactive 
isotopes, which, because of recent developments in atomic 


energy, are now available in large quantities and are 
relatively easily detected through their radiations. 

In the well-known method of radio autography a radio- 
isotope is introduced in a biological or other system, and 
the distribution of that particular element within the sys- 
tem is determined by bringing the sample in close contact 
with a photographic emulsion. This method lacks resolving 
power, because, even in case of perfect contact of the 
sample with the emulsion, the circle of confusion from every 
point of emission is so great that details less than a tenth 
of a millimeter are very difficult or impossible to distin- 
guish. 

In order to improve the resolution of this tracer method, 
it was decided to use electron optical image formation for 
determination of the distribution of a radioactive element 
within a given sample. This process, which may be called 
“tracer micrography,”’ is based on the emission of high 
speed electrons (beta-rays) by many tracer elements and 
the use of magnetic lens elements for forming an image on 
a suitable recording surface. 

In the absence of any means for correction of the chro- 
matic aberration of electron optical lenses, the first micro- 
graphs were limited to those elements that emit electrons 
of uniform speed. After some attempts with columbium 93, 
yttrium 87, strontium 85, strontium 87, protactinium 233, 
and gallium 67, the latter was selected for the initial tests. 
Gallium chloride, prepared by chemical separation from 
zinc, was bombarded by heavy hydrogen nuclei in the 
cyclotron at the Carnegie Institution, and the solution was 
evaporated drop after drop on a }-inch tantalum disk. 
Radiation emitted from the surface of the disk, upon 
passing through a magnetic lens consisting of a small iron- 
clad coil with Armco iron pole pieces, was brought to a 
focus on a photographic film at a distance of about 3} 
inches. An image of the tantalum disk was thus obtained 
showing radioactive areas. The conditions were selected so 
that a linear magnification of 2 was produced. 

For calibration of the instrument, the photographic film 
was replaced by a Geiger counter, and the lens current 
necessary to produce a maximum number of counts in 
unit time was determined for radiations of varying veloci- 
ties. This established the focusing current for a given type 
of radiation. 

In preliminary experiments with samples of different 
concentration and thickness of the radioactive layer, expo- 
sure times ranged from 2 to 12 hours according to the age 
and concentration of the sample and the numerical aper- 
_ ture of the lens. It was found that micrographs with good 
definition were obtained consistently when the layer was 
sufficiently thin to avoid considerable self-absorption. The 
best resolving power attained so far has been about 30 
microns. 

The simplicity of this method, both in apparatus and 
technique, is one of its more important features. Vacuum 
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requirements are very moderate, since the mean free path 
of the electrons is large in comparison with the apparatus 
dimensions, even at forepump pressure. 

Scientists at the National Bureau of Standards expect 
to obtain further improvements in tracer micrography 
through after-acceleration of the beta-particles by means 
of a homogeneous electrostatic field. Such after-acceleration 
may well result in reduced exposure time and in better 
resolution due to a reduction in spherical aberration. 
further reason for after-acceleration is that chromatic 
aberration, which is always present, even in sources emit- 
ting particles of uniform speed, can be markedly decreased 
if the accelerating potential is at least comparable in 
magnitude to the energy of the primary emission. 


Utah Symposium on Sound 


In connection with the Utah Centennial Celebration a 
Symposium on Sound was held at the Salt Lake Tabernacle 
and the University of Utah on July 21 and 22. Invited 
papers were presented by eleven academic and industrial 
experts in the field of sound. 





New Books 


Scientific Progress in the Field of Rubber and 
Synthetic Elastomers 

INITIATED BY THE LATE ELMER O. KRAEMER, EDITED 

py H. Mark anp G. S. Wuitsy. Pp. 453, 153234 


cm. Interscience Publishers, Inc., New York, 1946. 
Price $7.00. 








This book which is volume II of Advances in Colloid 
Science is a sequel to volume I and describes recent 
advances in the physics of rubber and synthetic elastomers. 
The work and plans of the late Elmer O. Kraemer have 
been admirably carried out by the co-authors, H. Mark 
and G. S. Whitby. 

This book consists of ten chapters on various phases of 
high polymer physics, each written by specialists; and they 
have all done an excellent job. In addition, a biography of 
the late Dr. Kraemer is included with a list of his many 
publications. Complete author and subject indexes are 
included. The book contains around 450 pages and over 
800 references. 

The first chapter or introduction gives some well-known 
facts concerning the origin, chemical nature, and some of 
the properties of the cured polymers of both natural rubber 
and the more common synthetic elastomers. 

The second chapter, a real treatise on the subject of 
second-order transitions, is extremely well written and 
contains over 125 references. Tables on second-order 
transition temperatures and brittle points are given for 
over thirty different plastics, rubbers, and synthetic 
rubbers. The theory of second-order transitions is elabo- 
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rated upon with particular reference to the theory of 
segment rotation. Experimental results, together with 
factors influencing second-order transitions, make this 
section of particular value to workers in the high polymer 
field. 

Chapter 3 is an excellent résumé of the past and 
most recent information and theories on crystallization 
phenomena in synthetic and natural rubbers. This section 
contains a complete bibliography of 150 references. 

The fourth chapter goes into a study of crystal and 
molecular structure of high polymers by means of x-ray 
diffraction methods. There is some duplication of informa- 
tion in this and the previous chapter; however, it is not 
objectional, as crystallization phenomena are followed in 
the first instance primarily by dilatometer and other 
methods, and in the second instance primarily by x-ray 
diffraction methods. 

There are also valuable chapters on thermodynamics of 
rubber solutions and gels, viscosity of high polymers, 
kinetic theory of rubber elasticity, vulcanization, rubber 
photogels, and photo-vulcanizates. The volume fittingly 
concludes with a chapter on reinforcing agents in rubber. 

Some of the newer organic plastics and resins as vulcan- 
izing agents and as reinforcing agents for rubber and 
synthetic rubbers are not covered in this volume. 

The authors are to be congratulated on the general 
make-up and quality of the chapters on the timely subjects 
which are covered in this book. 

Duplication of information is surprisingly low in a 
volume covering such a diversity of inter-related subjects 
by such a large number of authors. 

This book will be a welcome library addition to all those 
interested in the field of high polymer physics. 

R. S. HAVENHILL 
St. Joseph Lead Company, Monaca, Pennsylvania 


Electron and Nuclear Counters—Theory and 
Use 


By SerRGE A. Korrr. Pp. 212, 2214} cm. D. Van 
Nostrand Company, Inc., New York, 1946. 


In his book, Electron and Nuclear Counters—Theory and 
Use, Korff has gone a long way towards removing the aura 
of ‘“‘magic’” from detectors used in the field of nuclear 
physics. The student desiring to enter this field has had in 
the past practically no recourse but to learn peculiarities 
of nuclear detectors the hard way, namely, the trial and 
error method of making and using them. This same 
student now has available in this very readable book a 
fairly complete qualitative account of the operation and 
construction of ionization chambers, proportional counters, 
and Geiger counters. 

The first chapter is devoted to the history and general 
operation of particle detectors. Korff points out that the 
main differences between the ionization chamber, propor- 
tional counter, and Geiger counter is the voltage region in 
which they are operated. The next three chapters give a 
more detailed account of the operation of these detectors. 
The last of these chapters, namely, the one covering the 
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Geiger counter, is by far the most detailed and complete 
since this is the author's special field. Even though they 


have much theory and operation in common, Korff dis- 


cusses separately the non-self-quenching counter and the 
self-quenching counter. Expecially interesting is the dis- 
cussion of the quenching process caused by the presence of 
certain polyatomic gases in a Geiger counter. The presence 
of spurious counts or a continous discharge in a Geiger 
counter is interpreted as being caused by the emission of 
photoelectrons and/or secondary electrons from the outer 
electrode because of photons or positive ions formed in 
the discharge striking this electrode. If certain polyatomic 
gases are present they are found to absorb the photons 
and neutralize the positive ions of the counter gas, the 
excitation energy of the polyatomic molecule then being 
dissipated harmlessly through the process of predissocia- 
tion. 

The last three chapters cover, respectively, the con- 
structional aspects of nuclear counters, statistics of count- 
ing random events, and finally the auxiliary electronic 
circuits involved, such as quenching circuits, scaling 
circuits, coincidence circuits, and linear amplifiers. 

The book contains several erroneous and conflicting 
statements and at least one incorrect circuit diagram. At 
one point the author speaks of reducing the alpha-particle 
background of an ionization chamber through the use of a 
positively charged grid which “would repel any alpha- 
particles approaching it and drive them back into the 
wall.”” The expression for the percentage of missed counts 
has been developed in Chapter 6 on the basis of very 
naive assumptions and is valid only for recovery times 
small compared to the average time between counts. The 
Neher-Pickering circuit as presented is obviously not 
capable of quenching. In several cases the circuits given 
in the book are not the most up-to-date ones used for that 
particular purpose. 

This book, the reviewer feels, has provided the newcomer 
with a good way of getting acquainted with the field but 
does not fill the need for a critical and detailed review of 
the present status of our knowledge of counter mecha- 
nisms. A worker in this field will still have to refer to 
the literature for a complete and quantitative account. 

ERWIN F. SHRADER 
Case Institute of Technology 


Colloids, Their Properties and Applications 


By A. G. Warp. Pp. 133, Interscience Publishers, 
Inc., New York, 1946; Blackie and Son, Ltd., Glasgow. 


A book on colloid chemistry of this limited size can 
obviously serve, as the author intended it should, only as 
an elementary account of recent progress in colloid science, 
and as an introduction of the subject to those who are 
unfamiliar with it. In general it accomplishes these aims 
in a satisfactory manner, and can be recommended highly. 

The book has three major subdivisions: I. The Nature 
of the Colloidal State; II. The Colloidal Systems; III. 
Colloids in Industry and Living Matter. The treatment 
throughout is descriptive in nature. The author has tried 
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to make the field of colloidal dimensions intelligible to 
the layman by giving all dimensions first in microns and 
then, in parenthesis, on a scale one hundred million fold 
enlarged. Thus a particle of tobacco mosaic virus is said 
to have a length of 0.5 » (50 meters). This is rather dis- 
concerting to one who opens the book at random, unaware 
of the convention adopted. 

The author points ouf that the usual tendency to 
explain trends in scientific progress on the basis of social 
and economic needs of the community is not valid in the 
colloid field. The practice of colloid chemistry is one of 
man’s oldest endeavors in such realms as textiles, pottery 
soils, paints, etc. Colloid science has lagged behind practice 
mainly because the tools which were needed to explore the 
colloidal domain are all fairly new. Hence he places special 
emphasis on these new tools. 

It was a pleasure to read this book and see a broad 
field free from the complex technical and mathematical 
details which one needs for active work in colloid chemistry. 

R. F. Boyer 
The Dow Chemical Company 





New Booklets 








The National Research Council of the National Academy 

of Sciences, Prevention of Deterioration Center, Room 204, 
' 2101 Constitution Avenue, Washington, D. C., can now 
offer the Prevention of Deterioration Abstracts on a yearly 
subscription basis. These abstracts are set up under the 
following headings: electrical and electronic equipment; 
finished assemblies; fungicides; lacquers, paints, and 
varnishes; leather; lubricants; metals; microorganisms; 
optical instruments; packaging; paper; plastics; resins, 
rubbers, and waxes; storage, textiles; and wood. Items 
abstracted include journal articles, patents, specifications, 
unpublished reports prepared by various Army, Navy, and 
other governmental groups, and unpublished British, 
Australian, and Canadian reports. 

There will be approximately 1500 pages of the abstracts 
per year. The individual abstracts are in loose leaf form, 
so that they may be arranged in manner desired by the 
individual receiving them. Throughout the calendar year, 
all the abstracts classified under any one heading will be 
numbered consecutively. 

Comments made by the personnel of the Prevention of 
Deterioration Center are added to many of these abstracts. 
In these comments attempts are made to relate a specific 
report with other relevant ones, to evaluate reports, or to 
make suggestions concerning further needed research. 

The price, which includes two binders and index guides, 
will be $37.50 per year. Two binders are required for one 
year’s subscription. The fiscal year will be from July 1 


to June 30. For the year 1946 back issues will be supplied, 
since these abstracts started in April 1946. 


Dow Corning Corporation, Midland, Michigan, has 
published a new silicone data sheet entitled Specifications 


for Rewinding Motors with Silicone Insulation. 2 pages, 


free on request. 


The Gaertner Scientific Corporation, 1201 Wrightwood 
Avenue, Chicago 14, Illinois, has announced publication 
of two bulletins: 157-74, Divided Circle Spectrometers and 
Accessories, 20 pages; 158-74, Wavelength Spectrometers 
and Monochromators, 12 pages. Available free on request. 


The Tube Department of Radig Corporation of America, 
Harrison, New Jersey, has brought out a revised edition 
of the Quick-Reference Chart on Miniature Tubes. It is 
form MNT-30A. 4 pages. 


North American Philips Company, Inc., 100 East 42d 
Street, New York 17, New York, has published a two-page 
chart (R-1066) entitled Basic Characteristics of Useful 
Industrial Laboratory Instruments. .Data are presented in a 
convenient form to facilitate hanging on the wall for 
ready reference. Free on request. 


Littelfuse, Inc., 4757 Ravenswood Avenue, Chicago 40, 
Illinois, has recently published its first completely new 
catalog since the beginning of the war. It is a manual of 
progress in the field of circuit protection, including a brief 
historical survey of fusing and the announcement of 
many new developments in the company’s line of fuses, 
fuse mountings, and circuit 
number is 9. 


indicators. The catalog’s 


Dewey and Almy Chemical Company, Boston 40, 
Massachusetts, has issued a new catalog of Darex meteor- 
ological balloons, containing many new performance and 
data charts calibrated in both the English and metric 
systems. 30 pages. Free on request. 


RCA Application Note for May 15, 1947, published by 
the Tube Department of Radio Corporation of America, 
Harrison, New Jersey, is entitled Use of the 2E24 and 2E26 
at 162 Megacycles. 8 pages, available on request. 


Interscience Publishers, Inc., 215 Fourth Avenue, New 
York 3, New York, has published a 50-page catalog of its 
recent releases in the fields of chemistry, physics, mathe- 
matics, engineering, and medicine. 


Eastman Kodak Company, Rochester 4, New York, 
has issued a revised data book on Infrared and Ultraviolet 
Photography. Priced at 25 cents a copy, it is available 
through all Kodak dealers. 
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